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Abstract. By developing a connection between partial theta functions and Appell- 
Lerch sums, we find and prove a formula which expresses Hecke-type double sums in terms 
of Appell-Lerch sums and theta functions. Not only does our formula prove classical 
Hecke-type double sum identities such as those found in work Kac and Peterson on 
affine Lie Algebras and Hecke modular forms, but once we have the Hecke-type forms 
for Ramanujan's mock theta functions our formula gives straightforward proofs of many 
of the classical mock theta function identities. In particular, we obtain a new proof of 
the mock theta conjectures. Our formula also applies to positive-level string functions 
associated with admissable representations of the affine Lie Algebra as introduced 
by Kac and Wakimoto. 



0. INTRODUCTION 

Let q be a complex number with < \q\ < 1 and define C* := C — {0}. We recall some 
basics: 

n-1 

(•'•)„ : (•'•: '/)„:= I 111 - Q % x), (x)^ = (x; q)^ := TTfl - q l x) 



"\ q) n ■= Yl( l ~ <fx): (x)oo = (x; g)oo := - q l 

i=0 

j(x;q) := (x) 00 (q/x) oo(g)oo = 



and j(x 1 ,x 2 , ...,x n ;q) := j(xi, q)j{x 2 ; q) ■ ■ -j(x n ; q). 

where in the last line the equivalence of product and sum follows from Jacobi's triple 
product identity. We also keep in mind the easily deduced fact that j(q n ,q) = for 
n G Z. The following are special cases of the above definition. Let a and m be integers 
with m positive. Define 

J a ,m := j{q a ] q m ), J a , m ■= j{~q a ] q m ), and J m := J m , 3m = - q mi ). 

i>l 
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In his last letter to Hardy, Ramanujan gave a list of seventeen functions which he called 
"mock theta functions." Each mock theta function was defined by Ramanujan as a q- 
series convergent for \q\ < 1. He stated that they have certain asymptotic properties as 
q approaches a root of unity, similar to the properties of ordinary theta functions, but 
that they are not theta functions. He also stated several identities relating some of the 
mock theta functions to each other. Later, many more mock theta function identities 
were found in the lost notebook [25] . 

Mock theta functions have many representations — Eulerian forms, Appell-Lerch sums, 
Hecke-type double sums, and Fourier coefficients of meromorphic Jacobi forms. In terms 
of Eulerian forms, the mock theta conjecture for the fifth order mock theta function fo(q) 
is stated 

ff^-V g " 2 2 ?V qWn2 i (^ 5 U^ 10 )- mn 

' k { ~ q)n k fo 2 ; ? 10 Ws 8 ; ^ fa 4 5 u<? 4 ; ^ 5 )- ' 

To facilitate studying mock theta functions, it is useful to translate the Eulerian form 
into other representations. Translating from one form to another has been an historically 
difficult problem; moreover, unifying any two of the various guises with a single equation 
has been an unsolved problem. 

Early attempts to unify Eulerian forms and Appell-Lerch sum forms used the theory 
of basic hypergeometric series. In some cases, this led to identities between the mock 
theta functions and helped determine modular properties [29]. We will use the following 
definition of an Appell-Lerch sum. 

Definition 0.1. Let i,zgC* with neither z nor xz an integral power of q. Then 

m(x '^ ):= I(^)^T=^r- (a2 > 

These sums were first studied by Appell [T] and then by Lerch [23] • Appell-Lerch sums 
appear in the literature under various names such as Lerch sums, Appell functions, Appell 
theta functions, and mock Jacobi forms. In Section |4j we will see that (10.11) is equivalent 
to 

,14 „30 „4\ i n„-2^(„A „30 „4\ c 



/„(?) = 2m(g 14 , q M , g 4 ) + 2q- 2 m(q\ q M , g 4 ) + 



(?;? 5 )oo(g 4 ;g 5 )oo ' 

In attempts to prove the mock theta conjectures, Andrews introduced techniques to trans- 
late mock theta functions into two new representations. He used Bailey's Lemma to go 
from Eulerian forms to Hecke-type sums [3] and then used the constant term method to 
go from Hecke-type sums to Fourier coefficients of meromorphic Jacobi forms [1]. In [3], 
he showed 

fo(q) ■ (q)oo = ^(-1)V" 2+ ^ 2 (1 - q 4n+2 ). (0.3) 

n>0 
\j\<n 
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For this paper, we will use the following definition of the building block of Hecke-type 
double sums. 

Definition 0.2. Let x,y G C* and define sg(r) := 1 for r > and sg(r) := —1 for r < 0. 
Then 

faUwi)'= E sg(r)(-l)^W^ )+fcrs+C ®- (0-4) 

sg(r)=sg(s) 

In terms of our building block, HQ .31) becomes 

/o(?) • (9)00 = /3,7,3(g 2 , g 2 , q) + <? 3 i3,7,3(g 7 , q\ q). 

Hecke [T7] conducted the first systematic study of such double sums, special cases of which 
appeared earlier in work of Rogers [26J . 

Although using the methods of basic hypergeometric series, constant term, and Bailey 
pairs have provided a great deal of insight, researchers have been unable to unify all of 
the mock theta functions under a single formula. Existing results are limited to functions 
within the same order, and no available method works for all orders. Also, the known 
methods of basic hypergeometric series, constant term, and Bailey pairs are not robust- 
slight changes in the Eulerian form result in dramatic changes in the technique which 
needs to be applied. Polishchuk [27] used homological mirror symmetry to show that one 
can always expand an indefinite theta series of signature (1,1) in terms of Appell-Lerch 
sums; however, examples could only be produced on a case-by-case basis. Zwegers [31] 
showed that indefinite theta series, Appell-Lerch sums, and Fourier coefficients of mero- 
morphic Jacobi forms exhibit the same near-modular behavior. Zwegers thus established 
the modularity theory for mock theta functions, and his work allows mock theta functions 
to be cast as the holomorphic parts of weak Maass forms [TTj [301 El EE] ) • 

Another important problem is understanding the various types of Eulerian forms and 
how they relate to each other. For example, in [22] one finds scores of Eulerian forms in 
mock theta function identities, Rogers- Ramanuj an type identities, and partial theta func- 
tion identities. In this direction, Andrews [5] has recently produced g-hypergeometric for- 
mulas which simultaneously prove mock theta function identities and Rogers- Ramanuj an 
type identities. 

By developing a connection between partial theta functions and Appell-Lerch sums — 
the building block of mock theta functions — we obtain a master formula that expands 
a certain family of Hecke-type double sums in terms of Appell-Lerch sums and theta 
functions. In Section HI we use results from the literature to write the classical mock 
theta functions in terms of Appell-Lerch sums. Given the Hecke-type sum form of a mock 
theta function, our formula produces the same Appell-Lerch sum forms found in Section 
HJ In particular, for the fifth order fo(q) we will show 



fvAr, q, q) + q'hjAq, q\ ?) = (?)«, • 2m( g 14 , g 4 ) + i q 'm{ q \ <f\ q 

+ (q 5 ;q 5 )oo(q 5 ;q 10 ) 



(g;g 5 )oo(g 4 ;g 5 )c 
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As a consequence, our formula combined with Appell-Lerch sum properties, such as The- 
orems 12.31 and 12. 5\ reduces many of the mock theta function identities to straightforward 
exercises. In particular, our formula gives a new proof of the mock theta conjectures. 
Indeed, given the Hecke-type sum form, it gives us the mock theta conjecture. Our for- 
mula also proves the Hecke-type double sum identities found in Polishchuk [27] and Kac 
and Peterson [20]. One compares this with the approach using Zwegers' near- modularity 
result and the theory of weak Maass forms. Here one computes the correction term (i.e. 
a period integral of some weight 3/2 unary theta series) for each mock theta function 
to make it transform like a modular form, one verifies that the modular transformation 
properties match those of the theta function provided by Ramanujan, one verifies that the 
correction terms cancel, and finally one computes the first few coefficients and compares. 

In future work, we will use the techniques of this paper to develop a duality between 
identities involving mock theta functions and identities involving partial theta functions. 
We will see that not only do the dual partial theta function expansions appear to have 
a structure similar to the Appell-Lerch sum expansions in this paper, but also that the 
dual identities in terms of partial theta functions are much easier to prove. 

For the statements of our theorems, x and y are generic, i.e. x, y, q do not cause poles 
in the Appell-Lerch sums or in the quotients of theta functions. To state our results, we 
define the following expression: 

9a,b,c( X > Z l> Z o) 

■= E(-y)V^(^; q a )m{ - g-m-cCJ 1 )-^-) ho: q a^- ac); ^ (0 . 5) 

t=o ^ x ' 

t=0 ^ ^' 

Theorem 0.3. Let n and p be positive integers with (n,p) = 1. For generic x,y G C* 
fn,n+p,n{X, y, q) = 9n,n+p,n(x, y, q, — 1, —1) + = ■ 9 njP (x, y, q) , 

" 0,np(2n-\-p) 

where 

9 np (x,y,q) := V V g <~ ( V )/2 )+(™+p) (»-(«- m) (*4>+i)/2) +«( s+ ^ +1)/2 ) (_^r-(n-i)/2 

r*=0 s*=Q 

(— y) s +( n+1 )/ 2 J" 3 2 2 ^ j^_qnp(s-r) x n jy-n.^ q n P 2 jj ^gP(2n+p)(r+s)+p(n+p) x PyP-^ gP 2 (2n+p)^ 
jfqp(2n+p)r+p(n+p)/2f_y\n+p I (_ x \n ^ qp{2n+p)s+p(n+p)/2^_ x ^n+p j (y\n.^ gp 2 (2n+p)^ 

Here r := r* + {(n — l)/2} and s := s* + {(n — l)/2} ; with < {a} < 1 denoting the 
fractional part of a . 

For our secondary result, we consider the special case of (j0.4p in which b is divisible by a 
and c. 
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Theorem 0.4. Let a, b, and c be positive integers with ac < b 2 and b divisible by a and c. 
Then 

fa,bA x , V, 0.) = h a ,bA x , y> ?> -!> - 1 ) - = = atbtC (x, y, q), 

J(),b 2 /a~cJo,b 2 /c-a 

where 

h aAc (x, y, q, z u z ) : = j(x; g a )m( - q< b, % + ^{-y){- x )-^ y ^ 

+ j(y; q c )™( - q< b/c ^- a (-x)(-y)- b/c , / /c ~ a , «,) , 

and 

e a ,bM y,q):= & E & E g^^W+^/^m-H.® j ( ff ^/-c)(*-i)4*/ yj 

d=0 e=0 /=0 
. (_ x )/j( g M^K)-l)(e+/+lM 

Although all eight Hecke-type double sum identities found in Kac and Peterson [2Uj and 
Polishchuk [27] are special cases of the above theorems, we will only demonstrate one 
namely [201 (5.22)]: 



(-l)V 5(a+1)2 - (2f+1)2,/4 = ql[(l - g 4n )(l - q 20n )- (0-6) 

fc/ez n>l 

2fc>£>0 

Corollary 0.5. Identity W.6]) is a special case of Theorem\0.4 



We compute three examples using Theorem IU.3I with the n — 1, p — 1 specialization: 

yJlj(-x/y;q)j(q 2 xy;q 3 ) 



A,2,i(x, y, g) = j(y; g) m (^> <? 3 > - 1 ) + g) m (^#, g 3 , - 1 ) - 



Jo,3j(~qy 2 /x, -qx 2 /y; q 3 ) 

(0.7) 

The first two examples will involve two of Ramanujan's sixth order mock theta functions: 



fn+2\ 

, ( , ^ -i n g n g;g 2 » , ^ >^ g ( 2 j (-g)n 

^ (-9)2n ^ (g,g )n+l 
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Example 0.1. We recall two expressions for 0(g) obtained via constant term and Bailey 
pair techniques respectively [21 (0.10)^], [HI (2.19)]: 

n.(3n+l) 

00?) • - ^ 3n )( 1 + ^X 1 + ? 3n " 2 ) = 2 E TT^ } m 

n>l n ^ 

n 

M ■ n^ 1 - ^ + + ^ = E(- i ) n ^ 3n2+n e (- i ) i ^' 2 - (°- 9 ) 

n>l ?i j=—n 

It is straightforward to rewrite (j0.8p and (10. 9 p in our notation as 

0(g) =2m(g,g 3 , -1) and J M • 0(g) = -g, q). 

Using (10 .7p . it is easy to translate from the Hecke form to the Appell-Lerch form, 

A,2,i(g, -g, g) = j(-g; g)m(g, g , -l) + j(g; g)m(-g, g , -1) + 



Jo,3j{-q 2 ,q 2 ;q 3 ) 

= ?Mg, g 3 , -1) + + = 2J lj4 m(g, g 3 , -1). (0.10) 

Example 0.2. From (2.21)] we know that Ji i2 er(g) = g/i,2,i(g 4 , g 3 , g 2 )- Using (f077]l 
gives 

g/i,2,i(g 4 , g 3 , g 2 ) = - Ji, 2 m(g 2 , g 6 , -1) + + _ J| ^ 2 ^ 6 . (0.11) 
Using (10.1 Op and (10. lip , we immediately obtain 

2 ) + 2 ( x(g) = 2m(g 2 ,g 6 ,-l)-2m(g 2 ,g 6 ,-l)+ 2 J ? J ^ J «.«» 



^1,2 Jo,6 -^4,6 Jl,S 

= n^ 1 + ? 2 " _i ) 2 ( i - ? 6n )(! + ? 6n " 3 ) 2 ; 

n>l 

a sixth order mock theta function identity [6| (0.19)^]. For the general mock theta func- 
tion identity, use Theorem 10.31 and Theorem 12.51 to line up all of the Appell-Lerch sum 
expressions such that they cancel. Then all that remains to be verified is a theta function 
identity, which can be done by classical means. 

Example 0.3. We discuss the integral-level string functions associated with admiss- 
able representations of the affine Lie Algebra A± [211 E2]. Here m G Z, iV G N, 
i G {0,1,2,..., N}, m = I (mod 2), where N is the level. In [281 P- 236], one finds 
the Hecke-type form for the general integral-level string function: 

C^( q ) = j± r { E - E }(-l) fc - i g(V)-^ fe +l fe (^)+F(^) 



fc<0 k>l 



4 • h^NM 1+ ^ m+ "\q l -^ m -"\q), (0.12) 
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which can be evaluated with Theorem 10.31 The last equality in ( I0.12p follows from the 
substitutions k -k, j ->■ j + 1 and the identity f a ,b, c (x,y,q) = -yfa,bM hx ^ < fy^ < l) + 
j(x;q a ). 

Let us set AT = 1. Here £ G {0, 1}. Using specialization ( 10. 7p . 



1 j^l-^m-i). g ) TO ( g (3m^)/ 2) ?3) _ 1} + jtf+Hm+i). ? ) m ( r (3m^)/ 2) g 3 ; _^ 



1 , , , 1 

1 q 1 -U m - i )jlj(-q m ; q)j(q 4+e ; q 3 ) 



J 0,3 j(g2-i(3 m -^) ; g 2+A(3 m +f). g3 ) 

Both Appell-Lerch sums are defined, and their theta function coefficients are zero. Hence 
the Appell-Lerch sum expression is zero, and only the theta function quotient remains. 
By considering the cases i = 0,1, it is easy to show the well-known form of the level- 1 
string function, [251 Section 4.6, Ex. 3]: 

c m Aq) = t\ ■ 
[q)oc 

In Theorem 10.31 we set z\ = zq = — 1 in the Appell-Lerch expression ( 10.51) . For other 
examples where p = 1,2,3, or 4, we can set Z\ = z^ 1 = y n /x n in order to reduce the 
number of theta quotients. 

Theorem 0.6. Let n be a positive integer. For generic x,y G C* 

f n ,n+i,n(x,y,q) = g n , n+lin (x,y,q,y n /x n ,x n /y n ). 

Corollary 0.7. Theorem W. 6\ with n = 2 yields the Appell-Lerch sum representations of 
Section^ for the tenth order mock theta functions 4>(q), ip{q), X(q), x{q)- 

Corollary 0.8. Theorem \0.6\ with n = 3 yields the Appell-Lerch sum representations of 
Section^for the seventh order mock theta functions Fo(q), F\(q), J~2(q)- 

Theorem 0.9. Let n be a positive odd integer. For generic ijfC* 

/n,n+2,nO, V, <?) = 9n,n+2,n( X i V> <?, V" V ' x " \ Iv") ~ ®n,2( x , V, q), 

where 

y^J2nAnJMn + l),8(n+l)j(y/ X , Q^W, q^+^j^ I '*Vj 



q IL ^ A x !L ^ L j{y n /x n ; q 4n ( n+l ))j(-q n+2 x 2 , -q n+2 y 2 ; g 4 ^ 1 )) 
Theorem 0.10. Let n be a positive integer with (n, 3) = 1. For generic x, y G <! 

fn,n+3,n( X ^y^l) = 9n,n+3,n( X i V> <?, 2/7^ X n /y n ) ~ 6„ j3 (x, y, q), 
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where 

qn^t 1 ) (-x)(-y) n J 3n J 3{2n+3) j(y/x; q 3 ^)j(q n2+n x, q n2+n y; q 2n+3 ) 



Ji n+3 j(y n /x n ] g3n(2n+3))j( (? 3n 2 +3n a ,3 ) q 3n 2 +3n y 3. g 3(2n+3)^ 



j(q 3n2+5n+3 x 2 y, q 3n2+5n+3 xy 2 ; q 3 ( 2n + 3 >) 
- q 2n2+2n xyj(q 3n2+7n+6 x 2 y, q 3n2+7n+6 xy 2 ; q 3( - 2n+3 ^) 

Theorem 0.11. Let n be a positive odd integer. For generic x,y G C* 

fn,n+4,n(?,y,q) = g n ,n+4,n( x i Vi <?, 2/7^ x n /y n ) - <d nA (x,y,q), 

where 

g -(n='+n-3) a .-(n-3)/2 y (n+l)/2 J -( y / a . ;g 4(2n+4)) f , 

&n,4K X > V' l) : ~jfyn / x n. q 4n(2n+4)\j(_q2n+& 3 A^ _ q 2n+8 y 4. g4(2n+4) \ \ ^4n,16n^l ^,16^2 j>, 

with 

j(q 6n + 16 x 2 y 2 , -q 2 ( 2n +^y/x; q^ 2n +^)j(q n+4 xy; g 2 ( 2 ™+ 4 )) 



Si 



^2 3 (2n+4)^8(2n+4) 

j(-q 2n+8 x 2 y 2 , q 2 ^% 2 /x 2 ; q^)J\ 2n+i) 

q n+4 x 2^_ q en + W x 2 y 2. g 4(2n+4)^-( g 2(2n+4) y ^ ) _ y J ^ g 4(2n+4))2 

^4(2n+4) 

j(q 2n+s x 2 y 2 , -y/x; q^ 2n+ ^)j(q 3n+8 xy; g 2 ( 2 "+ 4 )) 
J 2 

J 2(2n+4) 

. g n + l j( _ g 2n + 8 x 2 2/ 2 ; g 2(2n+4y /a; 2. g 4(2n+4) J j 



8(2n+4) 



yJi{2n+A) 

gxj (_ g 6n+16 x 2 y 2. g 4(2n+4) )j(g 4(2n+4) 2/ 2 /;r 2. g 8(2n+4) )2 



+ 



<^8(2n+4) 

Corollary 0.12. Theorem \0.11\ with n = 3 yields the Appell-Lerch sum representations 
of Section^ for the fifth order mock theta functions fo(q), fi(q), Fo(q), Fi(q)- 

Corollary 10.81 gives a new proof of Hickerson's identities for the seventh order functions 
[T9] . Corollary 10.121 gives a new proof of the mock theta conjectures, which were first 
proved in [18]. 

We note that Theorem 10.61 with n — 1 proves the Appell-Lerch sum representations of 
Section H] for the sixth order mock theta functions 4>(q), ip(q), p(q), Theorem 10.91 

with n — 1 proves representations for the three second orders as well as those for the 
eight eighth orders; Theorem 10 . 1 1 wit h n = 1 yields the representations for the fifth order 
mock theta functions ipo(q), if>i(q), 4>a(q), 0i(<?); Theorem 10.111 with n = 1 can proves the 
representations for the sixth orders X(q), n(q), (j>-(q), ?P-(q)- 
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This paper is organized as follows. In Section [TJ we recall from the literature several 
theta function identities and other useful facts. In Section [21 we recall known Appell-Lerch 
sum properties and prove new ones. In Section [3j we write generalized Lambert series, 
which have been used to express mock theta functions, in terms of Appell-Lerch sums. 
We then use this information in Section H] to write the classical mock theta functions, as 
well as other functions found in the lost notebook, in terms of the Appell-Lerch sums. In 
Section [5j we prove Theorems 10.31 and 10.41 We prove the four subtheorems in Section [6j 
In Section [7J we prove Corollary 10. 5[ and in Section [SJ we prove the corollaries to the four 
subtheorems. 



1. Preliminaries 

We will frequently use the following identities without mention. They easily follow from 
the definitions. 



Jo,l — 2J 1,4 — 


2Jf 
Ji ' 


Jl,2 = 


T 5 

J 2 

72 j2 


)J\,2 — 


J 2 

1 7 - 

~Ti ^1,3 — 
J2 


J2J3 
Jl Jg 


Jl,4 = 


J\Ja 

J2 




J 1 Jq 
J2J3 




J2J3J12 

JiJ^Jq 





Also following from the definitions are the following general identities: 

j(q n x; q) = (-l) n q-(*)x- n j(x; q), n e Z, (1.2a) 

j(x; q) = j(q/x; q) = -xj^ 1 ; q), (1.2b) 

j(—x] q) = Ji t 2j{x 2 ] q 2 )/j(x; q) if x is not an integral power of q, (l-2c) 

q) = Jij{x, qx,..., q n ~ x x- q n ) / J™ if n > 1, (1.2d) 

j(x;-q) = j(x;q 2 )j(-qx;q 2 )/J 1A , (1.2e) 

m— 1 

j(z;q) = ^(-l) fc g(^)^j((-l) m+1 g« +mfe z m ;g m2 ), (1.2f) 

j(x n ; q n ) = J nJ (x, Cx, • • • , q n )jJl if n > 1. (1.2g) 

Here, ( n an n-th primitive root of unity. We recall the classical partial fraction expansion 
for the reciprocal of Jacobi's theta product 

(-i)- g m 73 

^ l-q n z j(z;qY 

where z is not an integral power of q. A convenient form of the Riemann relation for 
theta functions is, 

Proposition 1.1. For generic a, b,c,d G C* 

j(ac, a/c, bd, b/d; q) = j(ad, a/d, be, b/c; q) + b/c ■ j(ab, a/b, cd, c/d; q). 
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We collect several useful results about theta functions in terms of a proposition. Among 
other places, these can be found in [TS], [IS], and [B]. 

Proposition 1.2. For generic x,y,z G C* 

j(qx 3 ; q 3 ) + xj(q 2 x 3 ; q 3 ) = j(-x; q)j(qx 2 ; q 2 ) / J 2 = Jijfa 2 ; q)/jfa q), (1.4a) 

jfa q)j(y; q) = j(~xy; q 2 )j(-qx~ l y; q 2 ) - xj(-qxy; q 2 )j(-x~ l y] g 2 ), (1.4b) 

j(-x; q)j(y; q) - jfa q)j(-y, q) = 2xj(x~ 1 y, q 2 )j(qxy; q 2 ), (1.4c) 

q)j(y, q) + jfa q)j(-y, q) = 2j(xy; q 2 )j(qx~ l y] q 2 ), (1.4d) 
Jfj(xz;q)j(x n ;q n ) x k j(q k x n z; q n ) 



J%jfaq)jfaq) ~ j(q k z;q 



J(X 



;q)j(y;q n ) = ^{-l)\^x k j{{-lYq^) +kn x n y-q n ^)]{ - q^x^y; q n+1 ) . (1.4f) 



k=0 



Identity f ll.4al) is the quintuple product identity. 

The next proposition follows immediately from [TJ Lemma 2] see also [T8l Theorem 1.7]. 

Proposition 1.3. LetC be a nonzero complex number, and letn be a nonnegative integer. 
Suppose that F(z) is analytic for z ^ and satisfies F(qz) = Cz~ n F{z). Then either 
F(z) has exactly n zeros in the annulus \q\ < \z\ < 1 or F(z) = for all z. 

The next two propositions involve computing residues. Because the proofs are straight- 
forward, they have been omitted. The first proposition is [T8l Theorem 1.3]. 

Proposition 1.4. Define G(z) := l/j((3z b ;q m ). G(z) is meromorphic for z ^ with sim- 
ple poles at points zq such that z\ = q km //3. The residue at such z is (— l) k+1 q m ^ zo/bJ^. 

Proposition 1.5. Define 

G(X):=E (-W-V (15) 

m 

G(x) is meromorphic with simple poles at points xq such that x$ = (3q k . The residue at 
such an x is (— l) fc+1 g( 2 ) z k+1 Xo/p. 

We present three identities, which appear to be new. 

Proposition 1.6. For u a primitive cube root of unity 

~r ■ jfa 2 y; q)j{qy; q 3 )j{y] q 3 ) = uyj(y; q 3 )j{q 2 y 2 ] q 3 ) + j{qy, q 3 )j{y 2 ; q 3 )- (1.6) 

^3 

Proof of Proposition \l.b\ We use (11.2fl) to write 

j(u 2 y; q) = j(q 3 y 3 ; q 9 ) - u 2 yj(q 6 y 3 ; q 9 ) + uqy 2 j(q 9 y 3 ; q 9 ). (1.7) 
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In the middle term use — u 2 = 1 + u, to obtain 

j(u 2 y;q) = [j(qV;q 9 ) + yj(qV;q 9 )] + uy[j(q 6 y 3 ; q 9 ) + qyj(q 9 y 3 ; q 9 )}. (1.8) 

Each bracketed term can be rewritten using the quintuple product identity fll.4aj) . result- 
ing in 

3{y;<r) 3\qy;q 6 ) 

Proposition 1.7. For x G C* 

J 5 ,2 j(-q e x; q 3 °)j(-q 3 x 3 ; g ao )-g a x 2 7 ao> i ao j(-W <? 5 )i(W, 

= j(gV;g 20 )j(g 6 x;g 15 )j(g 1 V;g 60 ), 

Jio,2oi(? 21 ^; g 30 )+gxJ 15 ,3 j(gV; g 20 )j(-g 2 V; g 30 ) (1.10) 

= j(-qx;q 5 )j(q\q 15 )j(q 12 x 2 ;q eo ). 

Proof of Proposition \1. 7[ We prove the first identity and omit the proof of the second, 
which is similar. Denote by f(x) the difference between the left and right hand sides of 
(11. 9p . For fixed q, all three terms are analytic for i ^ 0. It is straightforward to verify 
that f(x) satisfies the functional equation f(q 30 x) = q~ 105 x~ 10 f(x). By Proposition 11.31 
f(x) has either exactly ten zeros in the annulus |g| 30 < |x| < 1 or it equals zero for all x. 
But there are at least eleven such values of x for which at least one of the terms in f(x) 
vanishes: ±g 3 / 2 , — g 4 , q 9 , — g 14 , ±g 33//2 , g 19 , ±g 24 , g 29 . Verifying f(x) vanishes for each of 
these just involves proving that the remaining two theta products sum to zero, which is 
easy. □ 

We finish with Hartog's Theorem: 

Theorem 1.8. [15, p. 7] A holomorphic function on the complement of a point in an 
open set U cC" (n > 1) extends to a holomorphic function in all of U . 

2. Properties of the Appell-Lerch sum m(x, q, z) 
Changing r to r + 1 in (10.21) gives another useful form for m(x, q, z): 



r+\\ 



j(z; q) 1 — q T xz 

The Appell-Lerch sum m(x, q, z) satisfies several functional equations and identities, 
which we collect in the form of a proposition. The proofs are straightforward and will be 
omitted. A list of Appell-Lerch sum properties with proofs can be found in [3~T] . 



Proposition 2.1. For generic x, z £ C* 

m(x,q,z) — m(x,q,qz), (2.2a) 

m(x, q, z) = x _1 m(x _1 , q, z~ l ), (2.2b) 

m(qx, q, z) — 1 — xm(x, q, z), (2.2c) 
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m(x, q, z) = 1 — q~ xm(q~ x, q, z), (2. 2d) 

m(x, q, z) = x~ x — x~ 1 m(qx, q, z). (2.2e) 
Some simple evaluations of the Appell-Lerch sum follow. 
Corollary 2.2. We have 

m(g,g 2 ,-l) = l/2, (2.3) 

m(-l,g 2 ,g) = 0. (2.4) 

Proof of Corollary \2.2i The first identity is a straightforward application of identities 
(12.2bj) and fl2.2e[) ; the second is a straightforward consequence of identities (I2.2bl) and 

<$M) . □ 

We now introduce a heuristic point of view which will guide our further study of 
m(x,q, z). This heuristic leads us to new Appell-Lerch sum properties such as Theo- 
rem 12.51 and also guides us to the Appell-Lerch sum expressions of Theorems IU .31 and 10.41 
If we iterate fl2.2d|) . we obtain 

m(x, q, z) — 1 — q xm(q~ 1 x, q, z) 

= 1 — q~ l x + q~ 3 x 2 m(q~ 2 x, q, z) 

= 1 — q x + q~ 3 x 2 — q~ 6 x 3 m(q~ 3 x, q, z) 



~ 1 - q^x + q~ 3 x 2 - q~ 6 x 3 + q~ 10 x 4 

that is, 

m(x, q, z) ~ ^(-l) r g-( r 2 1 )x r . (2.5) 

r>0 

Of course, we cannot use an equal sign here, since the infinite series on the right diverges 
for \q\ < 1. However, it is often useful to think of m(x, q, z) as a partial theta series with 
q replaced by q^ 1 . 

Roughly speaking, we may think of "~" as congruence 'mod theta'. For example, since 
the series (12.51) does not depend on z, we may write 

m(x,q,z ) ~ m(x,q,z 1 ). (2.6) 

In fact, the difference between these two quantities is a theta function, as we see in the 
following well-known theorem. 

Theorem 2.3. For generic x, zq, Z\ G C* 

t \ t \ ZoJfj(z 1 /z ;q)j(xzoZ 1 ;q) 

m(x,q,z 1 )-m(x,q,z Q ) = — —7 rrj r. (2.7) 

j{zo; q)]{zu q)j{xz ; q)j(xzx\ q) 

Corollary 2.4. For generic i,zGC* 

m(x, q, z) = m(x, q, x~ l z~ v ). (2.8) 
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Let us break the sum ( 12. 5p into two parts, depending on the parity of r. We obtain 

m(x, q, z) ~ ^(-l) r <T^ V (2.9) 

r>0 

r>0 r>0 

„ ^(_i)r g -4(r) <- qa ?y _ ^ ( _i) V <T) (- q - l x 2 y 

r>0 r>0 

~ m(—qx 2 , g 4 , £q) — g _1 xm(-g _1 i 2 , g 4 , z\). 

More generally, if we break the sum into n parts depending on the value of r mod n, we 
find 

n-l 

/;/(,r. 

r=0 

So we expect the difference between the two sides to be a theta function. We see that in 
the next theorem, which to the best of our knowledge is new. 

Theorem 2.5. For generic x,z,z' G C* 

n-l 

m(.r. 

r=0 



,q,z) ~^{-l) r q-^ X )x r m( - q&)- nr {-x) n ,q n \z r ). (2.10) 



11 — _L 

q iZ ) = Y^ q'F*) {-x) r m( - q®- nr {-x) n , q n \z') 



z'Jl g q(*)(-xz) r j( - q&) +r {-x) n zz'; q n ) j (q nr z n / z' ; q n2 



j(xz;q)j(z';q n2 ) ^ j(- q(*)(-x) n z',q r z;q n ) 

Identity fll.2a[) easily yields the n even and n odd specializations: 
Corollary 2.6. Let n be a positive odd integer. For generic x, z, z' G C* 



n-l 

m(x,q, z) = 



n—i 

q^) {-x) r m{q^)- nr x n 1 q n \ z'^j (2.11) 



r=0 

n-l 



z'Jl ^4 q r ^- n ^ 2 (-x) r z r -^ n - 1 ^ 2 ](q r x n zz'] q n )j(q nr z n /z'; q n ) 

n ( t •/■ n\ n ( r' ■ n n2 \ < * 



j(xz; q)j(z'; q n ) ^ j(x n z' } q r z; q r - 



Let n be a positive even integer. For generic x, z, z' G 

n-l 

m{x, q, z) 



n—i 

q-^X-xYmf - q&- nr x n , q n \A (2.12) 



r=0 

n-l 



Z'Jl q r(r-n+l)/2(_ x y z r+l-n/2j(_ q r+n/2 x n zz ,. q^^z"/^ q n ) 

j(xz; q)j(z'; q n2 ) j(—q n / 2 x n z',q r z;q n ) 

For special values of x, q, z and z', the sum in Theorem 12.51 reduces to a single quotient 
of theta functions. Here are two useful examples: 
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Corollary 2.7. For generic i,2 6C* 

/ \ / 2 4 4\ X ( X 4 4\ J2Jij{~XZ 2 \q)j{^—XZ^\q) /r>io\ 

m{x,q,z) = m{-qx ,q ,z )--m{ ,q ,z ) - (2.13) 

v ' q x q ' xj{xz; q)j{z 4 ; q )j{— qx z z q ; q z ) 

Corollary 2.8. For generic x e C* 

m («, -i) = m(9 v, 5 », -i) - ^ -i) +£»( J, -D+ ^g^ggg - 

(2.14) 

Before we prove Theorem 12.51 as well as Corollaries 12.71 and I2.8[ we establish an inter- 
mediate result, which also appears to be new. 

Theorem 2.9. Let n and k be integers with < k < n. Let u be a primitive n-th root of 
unity. Then 

n-l 

Y^^m^x, q, z) = nq^) {-x) k m( - q&)- nk {-x) n , q n \ z') (2.15) 
t=o 

nx k z k+ij3 2 g ( t a 1 )+*t(_ z )*j( - g( n J 1 )+ w «(-z) n /z / ; q n2 )j(q nt x n z n z'; q n2 ) 

j(z;q)j(z';q n2 ) j ( - q&- nk (-x) n z' , q nt x n z n ; q n2 ) 

To prove this, we need the partial fraction decomposition of x k /(l — x n ): 

Lemma 2.10. Let n and k be integers with < k < n. Let u be a primitive n-th root of 
unity, and suppose that x n ^ 1. Then 

„k i n ~ 1 , ,-fct 

-El^' < 2 - 16 > 

n 1 — uj 1 x 



x 



l-x r 

4=0 

n-l, 



Proof of Lemma \2.1(A Since 1 — x n = YYt=o (1 — ^x) and k < n, we have 



b n—1 
X \ -v Q 



1 - X" 

4=0 



Et^T" ( 2 - 17 ) 
^ 1 - u l x v y 



for some constants c t . Replacing a; by ujx gives 



t. ju n—1 n—1 

oo K x K Ct C t _i 



^1- J*+ia;~Sl-w*x' (2 ' 18) 



1 - x n 

4=0 4=0 



where c_i := c n _i. Combining these equations gives c t — oj c t -i, so c t = uj cq and 

h n—1 _uf 

co El r- 2 - 19 

' 1 — bJ l X 



1- x n 

4=0 



Multiplying by 1 — s and taking the limit as x — > 1 shows that Cq — 1/n. □ 
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Proof of Theorem \2.9i . By Definition 10.11 

n—l n— 1 



gW(- z )» 

vr-l-y, ,tr 



q' ^ZU L X 
n—l _ui 



„o - "T xz 



* V ^- t£L. (2.20) 

/ j J qtir —n rj,n v ' 



In the last sum we break up the terms according to the value of r mod n. Replacing r by 
rar + 1 + 1 with < t < n, we obtain 



n—l n—l 



(™-+*+i) + fc(„ r +t) /_ x nr+t+ i 

q) £ ^m^x, q, z) = nx k z k ^ £ { _ 



t=0 t=0 r 

n-1 



t=0 r y • - 



n-1 



-nx k z k+l 



/ J v ' / / 1 / \r— l^n^+ni^n ~n 

t=0 r 1 \H ) H 

n-1 

]T g O(-z)«j ( - gW 1 )^)-! g« 2 ) 
t=0 

. m ( _ g(2)- fc "(- X )™, g™ 2 , ( 2 .21) 



By Theorem 12.31 

m ( _ g (S)-*"(-a;)» g" 2 , _ g ( n J 1 )+fc«+«*(_ (Z )») 



+ 



m (_ g (2)-^(_ x )n ;g - 2 ^') (2.22) 

j( - g("2 1 )+ fc ™+™*(_ 2 )«/ 2 ' ; g™ 2 ) J ( g n 2 +nt x n z n z /. ? n 2 ) 



j(z'; g™ 2 ) j( - g( n 2 1 )+ fcri+?1 *(_2)™; g™ 2 ) j( - g(2)~ fen (-a;) n ,2'; g™ 2 ) j(<? n2+n ^ n -2 n ; <?™ 2 ) 
By identities Of)) and ffL2aj) . 



n-1 



£ g (1>(-z)'j ( - g" 2 ) = j(g fe+1 ^; q) = (-a)"*" 1 ^; q). 



t=o 



(2.23) 
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Combining the last 3 equations, we obtain 



n-l 



t=o 



-nx k z k+1 q-( k+ ^) {-zy^jiz; q)m( - q^)~ kn {-x) n , q n \ z') 



?' 7~ 3 if n( n t 1 ) +kn+nt ( ?\ n I ?' ■ a n2 \ A( n n 2 +nt n n I n 2 \ 



n-l 

— nx'z" 1 ^' > ov 2 y '""(—2; 



t=o g™ 2 ) j( - fen (-x) n z'; g" 2 ) j(? n2+n '^ n ^ n ; <? n2 ) 

T) (-x) fe j(s, ?M - g" 2 , z') (2.24) 



nq 

nx"z 



k„k+l j3 



j(z';g" 2 ) j(-g® fcn (-x)"z'; g« 2 ) 

^ gCtV^^ j( - q^> kn+nt (-z) n /z'; g" 2 ) j(g^WV; g" 2 ) 

Z_, j( q nt x n z n. ? n 2 ) ' 

where the last equality follows from 2 applications of ( jl,2ap . Dividing by j(z, q) completes 
the proof. □ 

Proof of Theorem \2.5[ We add equation (12.151) for k from to n — 1 and divide by n. The 
left side is simple: 

^ n— 1 n— 1 - n— 1 n— 1 

~ y^y^ ur fc *m(u/x, q, z) = m(iJx, q, z) ^ ur fc *. (2.25) 

n fc=0 t=Q n t=0 fc=0 

The innermost sum equals unless = 0, in which case it equals n, so 

n— 1 n— 1 



-^^w H m(u/x, g, z) = m(x, g, z). (2.26) 

Hence 



n 

fc=0 t=o 



n-l 

m(x,q,z) = ^g~( i 2 1 )(- x ) fe m( - gC0- nfe (-a;) n , g" 2 , z') 

fc=0 



_ v 

fc =o g)j(« ; ; g n2 )j ( - g^)~" fc (-x)™z'; g™ 2 ) 

^ g(T)«(_ z )i J ( _ g(T)+^+™*(_ 2 )n/^ ;g n 2 ) J ( g ^ x n 2 V;g n2 ) 

j(q nt x n z n ;q n2 ) 

n-l 

^ g-C't 1 ) (-a;) fe m( - gOO-^-a;)", g" 2 , z') 



fc=0 
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J3 2 ^1 q { t+ 2)(- Z y+-lj( q nt x n z n z ,. g n^ 



j(z; q)j(z'; q n ) j(q nt x n z n ; q n ) 

q kt x k z kj(_ q ('T)+ nk + nt (- z )n/ z >. q n^ 



t=Q 

fc=0 

n-l 



j(-g(S)-» fc (-x)»^;g« a ) 



fc=0 



js 2 "i g ( t 2 1 )(_ 2 )t+ij(g^ x ™2 n 2 / ; g n ") 



j(z; q)j(z'; q n ) j(q nt x n z n ; q n ) 

(q t xz) k j( - q( n ^) +nk+nt (-z) n /z'; q n ") 

k=0 



t=0 

( „tr 



E 



j(-g(T)+^(_ x )-n/ z / ; ^) 
^ q-^ V ) (-x) k m( - q&- nk (-x)\ q n \z>) 



n-l 



k=0 



j3 2 nl g( t t 1 )(_ z )*+ij( g ™V2 n 2 / ; q n2 ) 

j(z; q)j(z'; q n ' 2 ) j(q nt x n z n ; q n2 ) 



Jn jiq^'^i-xf^z/z'] q n )j(q nt x n z n ; q n2 
J3 2 j( q t xz . - q( n ^)(-x)- n /z'; q n ) 

(-x) k m( - qti)- nk (-x) n , q n \z') 



n-l 



k=0 



,J n 



j(z; q)j(- q( n ^){-x)- n /z'; q n )j(z>- q n2 ) 



(-z) t+1 j (q( n * 1 ) +t (-x) 1 - n z/z , \ q n )j(q nt x n z n z'; g™ 2 ) 
^ j(q t xz; q n ) 



t=o 



where the fourth equality follows from ( ll.4el) . Now we substitute qx l z 1 for z in (I2.27P 
and recall Corollary 12.41 



m(x, q, z) — m(x,q,qx 1 z 1 ) 
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n-l 



fc=0 



+ 



J 3 

j(qx- 1 z- 1 ;q)j(z';q n2 ) 



t=o 



1 gi't 1 ) (-q X - l z- l ) t+l i ( - q^ 1 ) +t+l (-xy n z~ 1 /z'] q n ) j (q nt+n z~ n z 1 '; g n ') 



j( - g(' l 2 1 )(-x)- ?1 /2 / ,g*+ 1 2- 1 ;g n ) 



n-l 



fc=0 



' 73 



+ 



j(xz,q)j(z',q n ) 



(2.28) 



n-l 

■E 

t=o 



/(" a t )^ xz )n-l-t J ^_ q ("2)+ n - 1 - t ( K - X )n z ^. q n^j^ q n(n-l-t) z n^ zl . q n^ 



j ( - gUJ (-x) n 2', g* 1 " 1 "^; g n ) 



by several applications of (ll.2aj) and (II .2b[) . Letting t = n — 1 — rin the final sum gives 
the result. □ 

Proof of Corollary 2.7. We specialize Theorem 12.51 to the case n = 2, z' = z A . This yields 

/ \ / 9 4 4\ —1 / — 1 2 4 4\ 

m(x, q, z) = m{—qx ,q ,z ) — q xm{—q x ,q ,z ) 



+ 



z A J 3 



j(-qx 2 z 5 ;q 2 )j(z 2 ; g 4 ) j(-q 2 x 2 z 5 ;q 2 )j(q 2 z 2 ;g 4 ) 

■ — xz- 



j(xz;q)j(z A ;q A ) I j(-qx 2 z A ,z;q 2 ) 



j(—qx 2 z 4 , qz; q 2 



We restrict ourselves to the sum of theta quotients. Using (11.2bj) and fll.2al) and simpli- 
fying, we have 



J 3 



xj(xz; q)j(-qx 2 z 4 ; q 2 )j(z A ; g 4 ) 
J2J4 



xz 



j(-qx 2 z 5 ;q 2 )j(z 2 ;q A ) j(-x 2 z 5 ;q 2 )j{q 2 z 2 ;q A ) 



+ 



j(z;q 2 ) j(qz;q 2 ) 

[ 2 * / 2 5 2\ ■/ 25 2\ I 

{xz ]{-qx z ,-z;q ) +]{-x z ,-qz;q ) j, 



xj(xz; q)j(-qx 2 z A ; q 2 )j(z A ; g 4 ) 
where the second line follows from f ll.2cl) . Applying ( 11.4bl) produces the desired result. □ 

Proof of Corollary \2.8l Specializing Theorem 12.51 to the case n = 3, z = z' = —1, and 
simplifying yields 

m(x, q, —1) = m(q 3 x 3 , q 9 , —1) — q~ 1 xm(x 3 , g 9 , — 1) + q~ 3 x 2 m(q~ 3 x 3 , g 9 , —1) 



+ 



T 3 



q 1 xj(qx 3 ;q 3 )j(q 3 ;q 9 )^q 1 x 2 j(q 2 x 3 ;q 3 )j(q 6 ;q 9 ) 



q)j(-x 3 ; g 3 )j(-l; g 9 ) I j(-q; g 3 ) 
m(q 3 x 3 , g 9 , -1) - q~ x xm{x 3 , g 9 , -1) + q~ 3 x 2 m(q~ 3 x 3 , g 9 , -1) 



j(-q 2 ;q 3 ) 
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+ j2 X f^ J ^ - J jtfq; q 3 ) + XJ . (?V . g 3 } 



(by (HHD) 
(by (H2cD) 
(by (Od])) 



2qJ2Ji 8 j(-x; q)j(-x 3 ; g 3 ) 
We restrict ourselves to the sum of theta quotients and find 
xJ l J 2 J G J 9 {j{x 3 q] g 3 ) + xj(q 2 x 3 ; g 3 )) = xg' 1 Ji Jf J 6 J 9 Jij(x 2 ;q) 
2g^2 Jf 8 j(- X 'i Q)j(~ x3 i Q 3 ) 2J2Jigj(-x;q)j(-x 3 ;q 3 ) j(x;q) 

_ xJlJ 6 J 9 j(x 2 ;q) 

2g^(-^W)j( a;2 ; , 7 2 ) 

= xJ 1 JlJsJ 9 ](qx 2 -q 2 ) 
~ 2qJ 2 J 2 8 j(-x 3 ;q 3 ) " 

3. Other generalized Lambert series 

In this section we recall the functions g), /t(x, g), and k(x, q) which have been used 
to express mock theta functions. We then derive representations for these functions in 
terms of Appell-Lerch sums. 

Definition 3.1. Let x be neither nor an integral power of q. Then 

n 2 

9{x, q) := x~ l ( - 1 + -r-, , / \ )■ 



n>0 



It is not difficult to show that g>(x, g) can be expressed more simply, 

q n{n+l) 

9(x,q) = 2_^ (T) , aM ■ ( 3 - 2 ) 

n>0 y X )n+l{q/ x )n+l 

We begin by expressing g(x,q) in terms of Appell-Lerch sums. 
Proposition 3.2. For generic igC* 

g(x, q) = — x~ 1 m(q 2 x~ 3 , g 3 , x 2 ) — x~ 2 m(qx~ 3 , q 3 , x 2 ). (3.3) 
Proof. It was shown in [T8l Theorem 2.2] that 

1 r ^_iyq3r{r+l)/2 x 3r+l z r+l 



gi^x^ g) = |~ % 

7'(x 3 z; a 3 ) L ^— ' 



j(x 3 z; g 3 ) L^— ' 1 — q^+^-z 

(-i)-g 3 ^^ 3 )/ 2 + 1 x- 3 '-^-'- 1 j 2 j(^;g)jM 3 ) i (3 4) 

2^ l_ g 3r+i z -i j{x;q)j{z;q) \' 

Changing r to —1 — r in the second sum and using ( 12. ip . we obtain 

/ \ o / — ^ ^ ^ \ — i / 2 — ^ ^ ^\ ^ \ J ^xz ^ q\ j (z ^ q ^\ , _ \ 

g{x } q) = — x m(qx ,q,xz) — x m{q x ,q,xz)-\ — ; — ; jr. (3.5) 

j{x]q)j{z]q)j{x 6 z;q A ) 

Setting z = x~ x gives the proposition, since then j(xz, q) = 0. □ 
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1 ^ f-i) r v i(rt+1) 
h(x, q) ■= - 1 -^r —T^-n • ( 3 - 6 ) 

7(0; Q 2 ) ' 1 — Q n X 



Definition 3.3. Let x be neither nor an integral power of q. Then 

jn^n(n+l) 

j(q;q 2 )^ i-q n x 

Proposition 3.4. For generic igC* 

h(x, q) = — x~ m(x~ 2 q, q 2 , x). (3.7) 

Proof. Recalling [T2~| Theorem 2.10], we have that 

• / 2 2n./ \ Jfj{xz;q)j{z;q 2 ) 
j{x z-q )h[x,q) - 



j(q; q 2 )j(x; q)j(z; q) 

■y ^ f -Qn gn(n+l) g,2n+l y ^ / -Qn.gn(n+3)+l,£— 2n— 1 ^— n— 1 



1 _ q 2n+1 z 2 ^ 1 - QSn+i^-i 

n n 
1 1 • / 2 2\ / —2 2 2 \ 1 — 1 ■/ 2 —2 —1 2\ / 2 — 1 2 2 —2 —In 

= — -x jyx z;q )myx q } q,xz) — -q xjyq x z ;q)myxq ,q,qx z ) 

— 1 ■/ 2 2\ / —2 2 2 \ 

= —a; j(x z\ q )myx q,q ,x z), 

where the second equality follows from (12. ip and the last equality follows from (12.2aj) and 
(12.2bp . Setting z = x _1 gives the proposition. □ 

Definition 3.5. Let x 2 be neither zero nor an integral power of q 2 . Then 

I ^n(2n+l) 

K x , q) '■= — ( a\ \. i — 2~^2- ( 3 - 8 ) 

xjy—q; g 4 ) 1 — q Zn x 2 

Proposition 3.6. For generic x E C* 

xk(x, q) = m(—qx 4 , g 4 , — x~ 2 q~ 4 ) + q~ 1 x 2 m(—q~ 1 x 4 , q 4 , — x~ 2 q~ x ) (3.9) 

J 4 

= m{-x 2 , q, x~ 2 ) + OT2 ./„ r . (3.10) 



Proof. Working as for Proposition 13.41 and setting z = qx 2 in [131 Theorem 2.5.4] yields 
the first equality: 

xk(x, q) = 1 — x~ 2 m{— x~ 4 q, q 4 , —x 2 q) — m(—x~ 4 q 3 , q 4 , —x 2 q) 

= —x~ 2 m(—x~ 4 q, q 4 , —x 2 q) — q~ l x~ 4 m(— x~ q~ , q 4 , —x 2 q) (by (12. 2d) ) 

= m(—qx 4 , q 4 , — x~ 2 q~ x ) + q~ 1 x 2 m(—q~ 1 x 4 , q 4 , —x~ 2 q~ l ). (by (j2.2fel) ) 

Using the n = 2 case of Theorem I2.5[ we have 

/ 2 -2\ I 4 4 -2 -\\ ,-12/ -144 -2 -1\ 

my— x ,q,x ) — my—qx , q , — x q ) + q x my—q x , q , —a; g J 

x- 2 q- 4 Jl f](q;q 2 )j(-q 3 x~ 2 ;q 4 ) 



j(-^,q)j(x 2 ;q 2 )j(-x 2 q x ;g 4 ) I j(gac 2 ; g 2 ) 
The second equality of the proposition then follows from elementary theta function prop- 
erties. □ 
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4. Known functions in terms of the Appell-Lerch sum m(x, q, z) 

In this section we express known mock theta functions in terms of the Appell-Lerch sum 
m(x, g, z). For each of the mock theta functions we start by giving its g-series definition(s). 
Then, if possible, we express the function in terms of either g(x,q), h(x,q), or k(x,q), 
which were discussed in Section [3j Next we express the function entirely as a linear 
combination of m(x, q, z) functions. In some cases these linear combinations involve two 
or more terms of the form m(x, q, z), with the same x and q but different values of z. In 
such cases we also express the function without such duplication, by adding on a suitable 
theta function. For example, the identities in (14 .7p expresses the '3rd order' function x{q) 
as a combination of two functions of the form m(—q, q 3 , z), and then as one such function 
plus a theta function. Theorem 12.31 and the Riemann relation for theta functions are used 
frequently. Throughout, 'z' denotes T an d 'w' denotes a primitive cube root of 1. As 
in [6], the summation symbol Y2* f° r the '6th order' function fi(q) denotes the average of 
the sequence of even partial sums and the sequence of odd partial sums. 
'2nd order' functions 

^>-E £ Ji'J, = E > q - J =-' niMW) (41) 

n > <1 )n+l n > Q q ) n +l 

^ {q]Q 2 )n+i tri (q;q 2V 



'n+1 



l) n q n2 (q;q 2 ) n „ , 4 ^ , «, 4 x A , 4 ^ J - 



M?) = E \. W2 = 2m (-1> ^> - 1 ) + 2m (~^ 1^ 1) = 4 ™(-9, q\ -1) 



4 

2,1 



n>0 ^ ]<1 )n Jl 



(4.3) 



'3rd order' functions 



.,2 





n>0 ^ n 



Am{—q, g 3 , q) + 



7 2 

J 3,6 



= E (1.^ = (! - 0(1 + <?)) (4-5) 
y > y jn 



n>0 

(1 + i)m(iq, q 3 , —1) + (1 — i)m(—iq, q 3 , —1) 
m(g 5 , g 12 , g 4 ) + m(g 5 , g 12 , g 8 ) + g~ 1 m(g, g 12 , g 4 ) + g _1 m(g, g 12 , g 8 ) 

2m(g,-g 3 ,-l) + ^ 



4^3,12 
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^(9) = E ( q 2\ = Q9(q, q 4 ) = -q lm (i, i 12 , q 2 ) - m ((i 5 , <? 12 , q 2 ) ( 4 - 6 ) 

n>l W ' q > n 

qj 3 

= -m(g, -g 3 , -g) + ' 12 



n>0 



= E f STTT = (1 + ")(1 - ^(-^, 9)) = 2m(-g, g 3 , g 2 ) - m(-g, g 3 , g) (4.7) 

Q iQ )n 



7 2 

= m(-q,q , g) + — 
•A 

2n(n+l) 

(«) = E r 2^2 = 9(9, V 2 ) = -Q-'miq, g 6 , g 2 ) - g" 1 m(g, g 6 , g 4 ) (4.8) 

n>0 W ' 9 

= -2g-\n(g,g 6 ,g 2 ) + -f- 

„n(n+l) , . 

U W = E 7 T\ = 9(iVQ, Q) = iq~ 1/2 [m(i^, g 3 , -g) - m(-iy/q, g 3 , -g 2 ) (4.9) 

= g- 1 m(g 2 , g 12 , -g 3 ) + g~ 1 m(g 2 , g 12 , -g 9 ) = 2g~ 1 m(g 2 , g 12 , -g 3 ) + ^ 

p(g) = E ^S g2)w+1 =^g 2 ) ( 4 - 10 ) 

n>0 ^ ' ^ Jri+1 

= —ujq~ 1 m(q, g 6 , wg 4 ) — u> q~ 1 m(q, g 6 , o; 2 g 2 ) = q~ 1 m(q, g 6 , — g) 
'5th order' functions 

/o(?) = E 7TT = - 2 *W, ^ ( 4U ) 

n>0 ^ 1 

= m(g 14 , g 30 , g 14 ) + m(g 14 , g 30 , g 29 ) + g" 2 m(g 4 , g 30 , g 4 ) + g" 2 m(g 4 , g 30 , g 19 ) 
= 2m(g 14 , g 30 , g 4 ) + 2g" 2 m(g 4 , g 30 , g 4 ) + ' 



Ji 

mq) = E ^ = + Jl0j( 7 2; ~ g5) ( 4 - 12 ) 

„>o J2 ' 10 
= m(-9 7 ,-? 15 ,? 9 )-?-W,-9 15 ,? 9 ) 

„>o j2 ' 5 

(4.13) 
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*■.(«) = E7^r = 1 +«»(«.« , )- s ¥ i!a < 4 - 14 > 

I?) 9 )n ^4,10 



n>0 

11 11 

= -^'miq 2 , g 15 , g 2 ) - -g _1 m(g 2 , g 15 , -g 2 ) + -m(g 8 , g 15 , g 8 ) + -m(g 8 , g 15 , -g 8 ) 

-1 / 2 15 \ , / 8 15 4\ g^l0^5,20 

= -g m(g,g ,q)+m(q,q ,g) 

■^4,10 

*»<«) = E (3^ = 1 + E = 2 + 3 «(9.9 5 > " ^ < 445 > 

n>0 ^ J ™ n>0 ^ > n+l Jl ' 5 



2 - 2m(g 7 , g 15 , g 12 ) - m(g 7 , g 15 , g 9 ) - 2g~ 1 m(g 2 , g 15 , g 12 ) - g- 1 m(g 2 , g 15 , g 9 ) 
2 - 3m(g 7 , g 15 , g 9 ) - 3g- 1 m(g 2 , g 15 , g 4 ) + 2 ^ 



2^|^2,5 

"72 

J l,5 



= g~ 1 m(g 8 , g 30 , g 8 ) + g _1 m(g 8 , g 30 , g 23 ) + g" 3 m(g 2 , g 30 , g 2 ) + g~ 3 m(g 2 , g 30 , g 17 ) 

^5,10^1,5 



2g~ 1 m(g 8 , g 30 , g 8 ) + 2g" 3 m(g 2 , g 30 , g" 8 ) + 



M) = E * (n+1)2 (-<z; ^ 2 ). = ?W, -g 5 ) + gJloJ , (9; g5) (4.i7) 



n>0 

g" 1 m(-g, -g 15 , g" 3 ) - m(g 4 , -g 15 , g 3 ) 



^4,10 



MQ) = E^"?)- = ^(9 4 .9 10 ) + ^ = -^W,? 30 ,?- 9 ) " g- 3 m(g 2 ,g 30 ,g 9 ) 

n>0 Jl ' 5 

(4.18) 

„2n(n+l) 7 ~T 

^w = E7b^ = « ( « 2 -« 5) + £ !r^ (449) 

KQ> Q )n+l ^2,10 



n>0 

-ig' 2 m(g, g 15 , g) - ^g" 2 m(g, g 15 , -g) 

1 -1 / 4 15 4\ 1-1 / 4 15 4\ 

- -g m(g ,g , g ) - -g m(g,g , -g ) 

-2 / 15 -4\ -1 / 4 15 4\ , ^10^5,20 

-g «Hg,g ,9 ) - 9 ™(9 ,9 ,? ) + 



^2,10 

xM = E = 1 + E g2 Hn + gW) = 3g^(g 2 , g 5 ) + 4^ (4-20) 

= -2g^m(g 4 , g 15 , g~ 6 ) - g" 1 m(g 4 , g 15 , g 3 ) - 2g~ 2 m(g, g 15 , g 6 ) - g- 2 m(g, g 15 , g" 3 ) 
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9 72 7 

-l™f„4 „15 „3\ q„-2_^„ „15 „2\ Z " J 5 J l,5 

Jo 2 



-3g- i m(g 4 , g i& , g 3 ) - 3g- 2 m(g, g i& , g^) - 



'2,5 



5n 2 

$(g) = -1 + < . 5x — f 4 . 5 x = = -q^iq 2 , q 15 , q 2 ) - m(q 7 , g 15 , q 2 ) 

n>0 \Qi 1 )n+l\Q , 1 )n 

(4.21) 

n>0 {h ) h )n+i\q i q )n 

(4.22) 



'6th order' functions 



m = j2 Lgg^A = 2m(g? g3) _ 1} (423) 



v -g)2n 



, (9) = E (zl)V!^feA = m(1 , ,»,_,, (4 , 4) 

/ — f { — Q)2n+1 



n>0 

fn+l 



n>0 

/n+2 



n>0 



2g- 1 m(l, g 6 , -g 2 ) + 



■^1,2^3,12 



n>0 



J2 

= 2m(g, g 3 , -1) + m(g, g 3 , -g) = 3m(g, g 3 , -g) + =p- 

^1,3 



(4.25) 



^-E 'lll g) " = -m(g 2 ,g 6 ,g) (4.26) 

n>0 ^' 9 

m = (-^vfag 2 )* = ^ lm(1) g6) _ g2) + g _ lm(1) ^ _ ?) (427) 



<^ 1,4 

^ (-l)"(g;g 2 ) TO 1 1 ^ (-1) "g" +1 (l + g")(g; g 2 ) ra 
M-l^ r~n) + r^T3 l 4 -^J 

l-?)n 2 2^ (-g,g)n+i 

= m(g 2 , g 6 , -1) + m(g 2 , g 6 , -g 3 ) = 2m(g 2 , g 6 , -1) - 
^) = E BBs~ = C 1 - "K 1 + ^(^, ?)) (4-29) 
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3 

J. I \ 1 U {~ Q'i Q)2n-1 3.3.I.3 3 J 312 

^-(9) = 2^ ivT^i = -7 m W. 9,9)- 7 m (g, = -™(?> Q ,Q)~ V-TT~ 

n>l {Q} Q )n * * J\Jl,A 

(4.30) 
(4.31) 



'7th order' functions 

^) = E(^4 = H%MVf (4.32) 
= m(g 10 , g 2 \ g 9 ) + m(g 10 , g 2 \ g~ 9 ) - 3" W, g 2 \ g 9 ) - g~ 1 m(g 4 , g 2 \ g" 9 ) 
= 2m(g 10 , g 2 \ g 9 ) - 2g" 1 m(g 4 , g 2 \ g~ 9 ) + ^ 

«') = E^=W 1? ') + ^ (4.33) 

n>l ^ Jl 

= — m(g 8 , g 21 , g 3 ) — m(g 8 , g 21 , g -3 ) — g _2 m(g, g 21 , g 3 ) — g _2 m(g, g 21 , g~ 3 ) 

gj 2 

= -2m(q 8 , g 21 , g 3 ) - 2g~ 2 m(g, g 21 , g 3 ) 

■A 

^M = Z (a „Cr = 2 ^W./) + f I (4.34) 
„>o ^ ' gjn+1 Jl 

= — g _1 m(g 5 , g 21 , g 6 ) — g _1 m(g 5 , g 21 , g" 6 ) — g _2 m(g 2 , g 21 , g 6 ) — g" 2 m(g 2 , g 21 , g~ 6 ) 

= -2g" 1 m(g 5 , g 2 \ g 6 ) - 2g" 2 m(g 2 , g 2 \ g" 6 ) + %L 

•A 

'8th order' functions 



so(?) = E V?^ = ™(-? 3 > ? 8 > -^ 2 ) + m (-^ 3 ' ? 8 > -^ 6 ) ( 4 - 35 ) 

n>0 ^ ^ , 9 Jn 



3 s , , , 9 - ^1,8^2,8 



2m(-g 3 ,g",-l) + 

'3,8 



5i(g) = £ 9 w( "+ 2) ( g;g 2 )n = _ g -i m( _ gj g8) _ g2) _ g -i m( _ gj g8) _ g6) (4 36) 

n>0 I g ' g J" 

= -2q m(-q,q,-l) + j^— 

g J l,8 
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(n+l)(n+2)/_ 2. 2\ 

Toil) = E " f_ .i )W = ^ ^ 

„>o 1 g ' q > n+1 

T i(g) = E r-»-^ = q m (~9'9'9) 



(4.37) 
(4.38) 



H iH )n 



n>0 



^i(?) = 2^ r_„2.„4>i = ~ m (-(li 9,-9) 



„>n (-<? 2 ;9 4 )n+i 



(4.40) 



q n2 (-q;q 2 )„ . , _ ^ 9 2 ™ 2 (~9 2 ; 9 4 ^ 



y ow =-!+ 2 E ssp =-!+ 2 E - ( ;; 2 ■ - - («d 

j 2 

= -q-'mil, g 8 , q) - q- l m{l, g 8 , q 3 ) = -2^(1, g 8 , q) - 

^2,8 

„(n+l) 2 /' „. „2\ „2n 2 +2n+l/ 4. „4\ /y n + 1 (' 

y / n _ 9 1-9,9 )n _ ^ 9 1-9 ,9 J» = 9 i-9j2» 42 x 

1[q) h k s(-^ 4 w 

= -m(q 2 ,q 8 ,q) 
'10th order' functions 

/n + l\ 

^ 19, 9 Jn+l ^^lO 

10 2\ , ^5<^10^4,10 



-g 1 m(q,q 10 ,q) — q 1 m(g, g 10 , g 2 ) = — 2g 1 m(q,q 10 ,q 

Q y 2 ' c\ t, / 5^ 9^5^10^2,10 



2,5^2,10 



f^(9;9 2 )n+l ^1,5^4,10 



9^5^10^2,10 
^1,5^4,10 



= -m(q 3 , q 10 , q) - m(g 3 , g 10 , g 3 ) = -2m(g 3 , g 10 , g) 
v— = 2qk(q, q ) - — — 

"9, 9j2n -'2,10-'1,5 



n>0 

2 „5 N , / 2 5 4\ _ o™^ „2 5 „4\ ^3,10^5,10 



m(-g , g , g) + m(-q , g , g ) = 2m(-g , g , g 



■A,5 



X(9) = E ( , lTq T ? = 2 - VM9 2 , 9 5 ) + ?^ (4.46) 

^ l-9;9j2n+l J4,WJ2,5 
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I 5 2\ , / 5 3\ o I 5 2\ , 9^1,10-^5,10 

= rn{-q, q ,q) + m(-q, q ,q ) = 2m(-q, q ,q) + 



J: 



2.5 



4.1. Proofs of Identities. '2nd order' functions To prove (14. ip , we recall [24, (4)]: 
A(q) = ^(^i(g 1/2 ) + ^i(-g 1/2 )) = -l(m(q,q\q l/2 ) + m(q, q 4 , -q 1 / 2 )) (by ^M>) 



= -m(g,g 4 ,g 2 ), 

where the last equality follows from using Theorem 12.31 twice. To prove (14. 2p . we first 
recall % (4.3)]: 

( „2. „2\ / i \n n 2n 2 +2n j I -i\n n 2n 2 +2n 

(g 2 ;g 2 )oo ^ i- g 2n+i j|Z^ i_ g 4„+ 2 + y J 

= 4 f# + ?i(? 6 ; ?V(1, ? 6 )1 = 721- " ? 2 ), (by (O) 

where the last equality follows from ( ll.2ap and (I2.2a|) . The result then follows from 
Theorem 12.31 To establish (14. 3p . we prove the penultimate equality. The last equality 
then follows from Theorem 12.31 and elementary theta function properties. Here we insert 
( Q9|) and (OOjl into [22 (2)]. 
'3rd order' functions 

Here, the first equality is just the Eulerian form [291 P- 62]. For all but (14. 6p . the second 
equality is just Definition 13. II or identity (13. 2p . For (I4.6p . the second equality follows from 
Definition 13. II and the form found in [291 p. 65]. We proceed with the other equalities on 
a case-by-case basis. 

We prove the last equality in (14. 4p . The penultimate equality then follows from Theorem 
12.31 Rewriting the Lambert series found in [291 P- 64] and using (I1.3P 

2J 3 

Jif{q) = 2jV; q 3 )m(-q, q 3 , q 2 ) - =± + j(q 4 ; g 3 )m(-g" 1 , q 3 , q 4 ) 

•^0,3 

= AJ 1 m(-q,q 3 ,q 2 )- J 3 2 6 , 
where the last equality follows from applying (ll.2ap . (I2.2a[) and f!2.2bp to the last term. 



The result follows from Theorem 12.31 For (14 .7p we use the Lambert series in [291 P- 64] 
and argue in a similar fashion. 

For (14. 8p . we use Proposition 13.21 and (I2.2aj) to obtain the next to last equality and 
Theorem !2.3l to obtain the last equality. For (I4.10p . the penultimate equality follows from 
Proposition I3.2| (12.2bp . and (I2.2a|) . For the final equality, we use the formula in [23 p. 



66] and argue as in (I4.4p where we use Theorem 12.31 at the very end to remove the theta 
quotient. 

We prove (14.51) . The third equality is just an application of Proposition 13.21 and (I2.2cj) . 
To obtain the last two expressions we combine the results of (I4.4p with an identity from 
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[291 P- 63]: 
20(-g) = /(g) + 
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7 2 



2m(—q, g 3 , g) + 2m(—q, g 3 , q 2 ) + 



T 2 

J l,2 



= 2 
+ 2 



m(-g 5 , q 12 , g 4 ) + q- 2 m(-q~\ q 12 , g 4 ) + 



m(—q ,q ,q ) + q m(—q 



~\q U ,q 8 ) 



Ji 

J&J12J 2 

Jq^Ja^J 1, 



7 2 

J l,2 



(by Corl2~TD 



The penultimate equality of (14. 5 p then follows from ( 12.2a[) . ( I2.2bp . and elementary theta 
function properties. For the final equality, we again use results of (14. 4 p with the same 
identity from [221 p. 63]: 

t2 t2 
J l,2 „ / 3 s , „ / 3 2\ , J l,2 



20(-g) = /(g) 



•/1 



2m(—q, q ,q) + 2m(—q, q , q z 



■h 



4m(-g,g 3 ,-l) 



7 2 

J 3,6 



7 2 



where the last equality follows from Theorem l2.31 Focusing on the sum of theta quotients, 



2 r 



T4 74 p 

j2 t2 _ J l J 3 _ J 1 

J l,2 J 3,6 — j2 72 ~ J2 

J 2 J 6 J 2 



J 2 
J l 



J3J2 
2 7| 



j2 t 



J 2 

J 2 
J 2 



J 2 
J l, 



J 2 
17 1,3 



1 = i, b = q, c = —q, d — 1. 



where the last step follows from Proposition II . II with q = q 3 , 
The result then follows from elementary theta function properties. 

We prove (14. 6p . The third equality is just an application of Proposition 13.21 To obtain 
the last expression we combine the results of (I4.4p with an identity from [291 P- 63]: 

7-2 72 72 

J l,2 



m-q) = -/(?) + 



72 72 

-4m(-g, q ,q) — + 



Ji Ji Ji 

The argument found at the end of the proof of (14 .5p then gives the desired result. 

We prove (14.91) . The second equality follows from (13 .2p and the third follows from 
Proposition 13.21 and fl2J2bJ) . To obtain the last two equalities, we combine the results of 
L8|) with an identity from [291 P- 63]. Using Theorem 12.31 and simplfying, 



u(q) = -qu(q 2 ) + 



J| " ?- W, q l \ q 4 ) + q- l m(q\ i\ + ^ 

J 2 



J 2 
J 2 



q- ^(q 2 , g 12 , -g 3 ) + q~ W, ^ V) + 4 



n 



J A,wJ 3,12 



q 2 J?^i2 

^6,12^5,12 



^7, 



12 



J 2.11 J 



2,12^ 11,12 



The penultimate equality of (14 .9p follows from showing that the sum of theta quotients is 



12 



zero. Here we rewrite the term in brackets using Proposition 11.11 with q = q 
g 4 , c = q 2 ,d = —q. The final equality of (14. 9p then follows from Theorem 12.31 
'5th order' functions 



q\b 
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For these identities, there are four types of proofs. Functions $(g), *&(q) are in the first; 
0o(g), <t>i{q), ipo{q), ^i(g) are in the second; f (q), f x (q), F (q), F^q) are in the third; and 
Xo(<?)) Xi(q) are i n the last. 

For the first type, proving (I4.2ip and (I4.22p is just an application of Proposition 13.21 
For fTC22|) . we follow Proposition E2\ with fl2T2b|) . 

For the second type, we prove (14.121) . The proofs of the other identities are similar. The 
penultimate equality is just the respective mock theta conjecture. For the last equality, 
Proposition 13.21 gives 



(?) = m{-q\ -q l \ q ) ~ q m{q% -q l \ q 2 ) + 



Jwj(-q 2 ; -q 5 ) 

<-^2,10 



J ' ( 2 5 
/ 7 15 9\ -1/2 15 9\ , Jl03\ q i ~Q 

m{-q ,-q ,q)-q m(q , -q ,q) + — 



+ 



qj(-q 15 - -q 45 ) 3 j(q 7 ; -q 15 ) 



j(q 2 ; -q 15 )j(q 9 ; -q 15 ) »- j(g 4 , g 11 ; -q 15 ) 



•^2,10 

j(q 13 ;-q 15 ) __j j(q 3 ; 



q 



-q 



q 9 ; -q 



15^ 



where the last line follows from Theorem 12.31 Showing that the sum of the three quotients 
is zero follows from Proposition 11.11 with the substitutions q - 



g 15 , a = q 



q 7 ,c 



g 6 , d = q 4 ■. For (14.171) . (14.131) . and (14. 18ft . we argue in a similar fashion. 

For the third type, we prove (14.111) as an example. The proofs of the others are similar 
The second equality is just the respective mock theta conjecture. Using Proposition [X 
we have 



f f \ o I 14 30 4\ i o -2 / 4 30 4\ , ^5,10^2,5 

fo{q) = 2m(q ,q J q) + 2q m(q ,q ,q) + 

Ji 

= m(q 14 , q 30 , q 14 ) + m(g 14 , q 30 , q 29 ) + q~ 2 m(q 4 , q 30 , q 4 ) + q~ 2 m{q 4 , q 3 \ q 19 ) + 



<-^5,10^2.5 



Jl 



+ q' 



T 3 T 

Jqc\J 



30^10,30 



^30^5,30 



^4.30^18,30^16,30 



^4,30^18,30^1,30 



q 



^30^15,30^3,30 
•^4,30 <^8,30 ^19,30 <^7,30 



where the last line follows from Theorem 12.31 It remains to show that the sum of quotients 
is zero, i.e. 



^5,10^2,5 
Jl 



J 3 



J 



4,30 



J 



10,30 



JirrqJ' 



+ 



J< 



5,30 



18,30^16,30 



^18,30^1,30 



</l5 30</' 



15,30^3,30 



^8,30^19,30^7,30 J 



(4.47) 



Combining the first and third summands with Proposition 11.11 and the substitutions q 
q 30 , a = q 9 ,b = q 17 , c = q 6 ,d = q, shows that (14.471) is equivalent to 



^5,10^2,5 
Jl 



?3 7 

"in"! 



30^5,30 



Ja w J 



4,30^18,30 



J 



4,30 



Jl, 



30 



^16,30^19,30 



30 
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which follows from ( 11.4e[) and the substitutions n = 2, q = g 15 , z = q,x = — g 5 . For (14. 16ft . 
we argue as in (I4.1ip . For (14. 14j) we argue as in (14. 1 1 j) to reduce the identities to showing 



5. „20\ 



2Jioi(-r;9 



7 3 

J 15 



J 



4,10 



J- 



2,15 



15 



■^4,15 J 2, 15 ^4,15 



^6,15^8,15 



^15 J 5,15 



^2,15^6,15^8,15 



(4.48) 



We combine the first and second summands using Proposition 11.11 with the substitutions 
q = g 15 , a = q 3 ,b = — g 7 , c = — g 3 , d = — q to show that (14.48)) is equivalent to 



2J wJ (-q 5 ;q 20 



^15^5,15 



J 



4,10 



J, 



6,15 



^2.15<^8,15 



+ 



2,15-' 8,15 



This follows from (ll.4dj) with q = q 15 ,x = q 8 ,y = q 2 . For (14. 19)) . we argue as for (14. 14)) 
and use (ll.4cl) . 

For the fourth type, we prove (I4.15p . The proof of (I4.2Q[) is similar and will be omitted. 
The third equality is just the respective mock theta conjecture. We prove the last line of 
(14. 1 5j) . We use Proposition 13.21 and Theorem 12.31 to obtain 



Xo(q) = 2 + 3qg(q,q 5 ) - 



j£ ^2,5 



J 2 



2 - 3m(g 7 , g 15 , q 2 ) - 3q- 1 m(q 2 , g 15 , q 2 ) - ^ 



o o / 7 15 9\ o -1 / 2 15 4\ , 3J 15 J7i5J 3 i 5 3g J 15 J 2 ,15^8,15 J5J2 

2 - 3m(g', g , g y ) - 3g L m(q', g , g*) + - ' — h — — ^ — ± pr 



J2, 15^9,15^1, 15 ^2,15^4,15^1 



6,15 



P 



The result then follows from Proposition 11.11 with q = q 15 , a = q 4 , b = q, c = q 2 , d = 1. 
We show that the second to last line of ( 14. 15j) follows from the last line of (14.151) . We 
begin with 



Xo(q) = 2 - 3m(q', g i& , g 9 ) - 3q- L m(q 2 , g 15 , g 4 ) + 



2 J 2 J . 



5 J 2,5 



2 - 2m(g 7 , g 15 , q 12 ) - m(q\ g i5 , g 9 ) - 2g- i m(g', g 15 , q 12 ) - q^miq 2 , g 15 , g 9 ^ 



2qjy 2 . 



15 



2^15^8,15 _|_ 2J 2 J 2 ,5 



^9,15^1,15^4,15 ^4,15^6,15^1,15 ^1,5 

by Theorem 12.31 The result then follows from (11.4a)) with g = g 5 , x = q. 
'6th order' functions 

To prove (I4.23p . we first recall identity [5J (3.25)] and use Theorem 12.31 

r(3r+l) /2 

7 li3 0(g) = 2 \ i ^ = 2J'(-? 2 ; Q 3 )m(q, g 3 , -g 2 ) = 2j(-g 2 ; g 3 )m(g, g 3 , -1). 



+ g 3r 

To prove (resp. (Q5)l . (OB]) ) we use identity (3.23) (resp. (4.11), (4.12)) of 0. 

We prove the last equality in each of (14.271) - (14.31)) . The penultimate equalities then 
follow from a straightforward application of Theorem 12.31 and elementary theta function 
properties. For (14.27)) (resp. (I4.28P ). we recall identity (4.19) (resp. (4.20)) of [6j and 
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make the substitution z = —q 2 (resp. z = — 1). For (14.291) . we recall identity [6j (4.27)] 
and make the substitution z = — q to obtain 

— J 2 ~J r 1 — 

■^1,37(9) = — pf 2 ^ uj(-u 2 q]q) + u 2 j{-uq\q) + 3Ji, 3 m(g, q 3 , -g) 

^3^0,1 1 J 

= ^= + 3Ji, 3 m(g, g , -g), 

•^3 ^0,1 

where the last line follows from the fact that j(—u,q) = (1 + oj)JiflJ&/Jz- The result 
follows. For (|430|) . we rewrite identity [8, (2.14)]. For flOT]) . we recall identity (2.13)] 
and argue in a similar fashion. 
'7th order' functions 

We prove (I4.32j) . The proofs for (I4.33P and ( I4.34p are similar. From [T9| (0.8)], we have 

MQ) = 2 + 2qg(q, q 7 ) - ^ = 2 - 2m(g n , q 2 \ q 2 ) - 2g" 1 m(g 4 , q 2 \ q 2 ) - ^ 

T 2 

J 3,7 



2q- W m(q~ W ,q 2 \q 2 )-2q- 1 m(q\q 2 \q 2 ) 

2 m (q™,q 2 \q- 2 )-2q-'m(q\q 2 \q 2 )-^, 

Jl 



Jl 



where the last three equalities follow from Proposition 13.21 and identities (I2.2cp . (I2.2bj) . 
Using Theorem 12.31 and elementary theta function properties, we obtain 

J-o(g) = m(g 10 , q 2 \ g 9 ) + m(g 10 , g 21 , g~ 9 ) - g- 1 m(g 4 , g 21 , g 9 ) - q^m{q\ g 21 , g" 9 ) 

_|_ ^21^11,21^17,21 _|_ ^21^11,21^3,21 _ J 3,7 

^2,21^8,21^9,21^19,21 ^2,21<^6,21^9,21^5,21 Jl 

= 2m(g 10 , g 21 , g 9 ) - 2g- 1 m(g 4 , g 21 , g~ 9 ) 

_|_ 2 ^21^11,21^17,21 ^21^11,21^3,21 _ ^3,7 

^2,21^8,21^9,21^19,21 ^2, 21<^6, 21^9,21^5,21 Jl 

To establish the two remaining identities in (I4.32p . we use Proposition 11.11 with the spe- 
cialization q = g 21 , a = g 3 , b = g 5 , c = g, d = q 2 . 
'8th order' functions 

Using the generalized Lambert series (1.3) - (1.6) of [16], we first prove the expressions 
in ( I4.39P - f )4.42p . We then combine these expressions in ( I4.39P - (I4.42p with the eighth 
order identities (1.7) and (1.8) of [TB] in order to prove the expressions in ( I4.35P - (I4.38p . 

For fICTD (resp. 04401 . (jO^jl ) we use identities (1.3) (resp. (1.4), (1.6)) of [E] and 
argue in a manner similar to that for identity (14. 2p . For (I4.4ip we prove the penultimate 
equality, the last equality then follows from Theorem 12.31 We begin by recalling (1.5) of 
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[16] and argue as for ( 14. 2 j) to obtain 

j(g 6 ; g 8 )m(g 4 , g 8 , g 6 ) + gj(g 10 ; ?V(1, g 8 , g 10 )~ 

= - 1 + 2m(g 4 , g 8 , g 6 ) - 2g- 1 m(l, g 8 , g 2 ), 
where the last line follows from (12.2aj) . Using Theorem 12.31 and Corollary 12.21 we have 

7 3 T 



/ 4 8 6\ / 4 8 i \ i -8^2, 8 

m(g , g , g ) = m(g , g , -1) + 



_ 1 . ^8 ^2,8 
^2,8^0,8^4,8 ^ J| 8 J ,8^4,8 



Applying Theorem 12.31 twice more, 



Vb(g) = -9 1 m(l,g 8 ,g)-g 1 m(l,g 8 ,g 3 ) + 



J2 J2 

^2,8^3,8 



+ 2 



7 3 7 



2.8 



T2 t2 1 " t2 t t 

J 2,8 J 1,8 ^2,8 J 0,8 ^4,8 



It remains to show that the sum of three theta quotients is zero; however, this follows 
from Proposition 11.11 with q = q 8 , a = q 2 , b = q 4 , c = q, d = 1 . 

With the above information, we now proceed to the expressions for (14. 35ft - (14.38| . For 
(14.351) . we begin by recalling [TBJ (1.7)], which states 

Uo(q) = S (q 2 ) + qS 1 (q 2 ), 

hence, 

2S (q 2 ) = U (q) + U (-q). 
Recalling (I4.39P and then using Corollary 12.41 Theorem 12.51 an d (11.2fj) in reverse yields 

U (q) = 2m(-g, g 4 , -1) = 2m(-g, g 4 , g 3 ) 

= 2m(-g 6 , g 16 , -g 4 ) + 2g~ 3 m(-g- 2 , g 16 , -g 4 ) 

g 4 J| jjV 3 ;<? 8 )j(-<7 2 ;<? 16 ) , 4 j(g 17 ;? 8 )j(-9 10 ;? 16 ) 



j(-g 4 ; g 4 )jV°; q 8 )j(-q^ q 16 ) t j(q 3 ; q 8 ) 

2m(-g 6 , g 16 , -g 4 ) + 2g- 3 m(-g- 2 , g 16 , -g 4 ) + 2=- J * Jl > 4 



+ q 



j(g 7 ;g 8 



<^0,4<^2,8^4,16 



Similarly, 



U {-q) = 2m(-g 6 , g 16 , -g 12 ) - 2g- 3 m(-g- 2 , g 16 , -g 12 ) - 2=- ^ 



Jq,aJ2$J 4,16 



Thus by expanding J 14 and J14 with (ll.2fj) where m = 2, 

^o(g 2 ) = ^o(ff) + ^o(-g) = m(-g 6 , g 16 , -g 4 ) + g" 3 m(-g- 2 , g 16 , -g 4 ) 



+ m (_ g 6 ; g 16 ; _ g 12 } _ g -3 m( _ g - 2) gl6) _ g 12j 



2gJ 3 J 



8 J 2,16 



>A),4^2,8^4,16 
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m(-g 6 , g 16 , -g 4 ) + m(-g 6 , g 16 , -q 12 ) + = 



9^16^8,16^2,16 2gj|j 2j i6 



^4,16^2,16^10,16 ^0,4^2,8^4,16 

where the last line follows from Theorem 12.31 The penultimate equality of (14.351) then 
follows from elementary theta function properties. For the last equality of ( I4.35p . we have 

S (q) = m(-q 3 , q 8 , -q 2 ) + m(-g 3 , q 8 , -g 6 ) 

= 2m(-g 3 , g 8 , -1) - -/^^ T [^5,8 Ji,8 - Ji^sl (by ThmESD 

^2,8-'0,8<-'3,8<A,8<-'5,8 L J 

= 2m(-g 3 , g 8 , -1) - J 8 ^ 8 [ _ 2gJ 4 , 16 J 14 , 16 ] , (by <^M» 

- / 2,8»'0,8-'3,8-'l,8o'5,8 L J 

and the result follows. The proof for (I4.36P is similar. For (I4.37p . we use [HI (1.8)]: 

2T (g 2 ) = UM + U^-q) = -m(-g, g 4 , -g 2 ) - m(g, g 4 , -g 2 ) (by flOD}) 

= -m{-q, g 4 , g) - m(g, g 4 , -g) = -2m(-g 6 , g 16 , g 4 ). (by Cors E2D 

The argument for ( I4.38P is analogous. 
'10th order' functions 

For each set of identities, we prove the last equality. The penultimate equalities then 
follow from Theorem 12.31 and elementary theta function properties. To prove ( I4.43P (resp. 
(I4.44p ). we recall information from [121 PP- 525, 534] (resp. [121 PP- 525, 533]) and use 
Proposition 13.41 To show (14 .45 p . we recall information from [131 PP- 183, 222] to write 

/ \ o , / 5\ ^5^10^2,5 Q / 2 5 -2\ , ^5,10 «WlO«^2,5 

X(q) = 2qk(q, q°) - — — = 2m(-q , g°, g ) + — - — 

»'2,10^1,5 ^2,5 ^2,10^1,5 

o / 2 5 4\ ^5^10^2,5 

= 2m(-g , g , g ) - — — , 

•^2,10^1,5 

where the second equality follows from Proposition I3.6[ and the last equality follows from 
Theorem 12 .31 The result follows. Using the information in [T3"l pp. 183, 223] and arguing 
similarly proves ( I4.46p . 

5. Proofs of Theorems 10.31 and 10.41 

5.1. Preliminaries. We establish elementary properties of Hecke-type sums. We state 
and prove functional equations which f a ,b,c, 9a,b,c, and h a> b ;C satisfy. We then prove results 
concerning the poles and residues of g a ,b,c and h a ^ c . 

Proposition 5.1. For x,y G C* 

fa, b ,c(x, y, q) = / aAc (-*V , -y 2 q c , q A ) - xf aAc (-x 2 q 3a , -y 2 q c+2b , g 4 ) (5.1) 

- Vfa,A-x 2 q a+2 \ -y 2 q 3 \ g 4 ) + xyq b f aAc (-x 2 q 3a+2 \ -y 2 q 3c+2b , q% 

Proof. Break up the double sum in Definition 10.21 into four parts depending on the parity 
of r and s. □ 
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Propositions 15.21 and 15.31 follow from identities (1.14) and (1.15) of pS] respectively, 
which read 

^2 S 9( r ) C r,s = ~ s 9( r ) c -i-r ,-l-a, (5-2) 

sg(r)=sg(s) sg(r)=sg(s) 

l-\ fc-1 

^2 S 9( r ) C r,s = Sg( r )CrU,s+k + ^ ° r > s + S Cr ' s ' ( 5 ' 3 ) 

sg(r)=sg(s) sg(r)=sg(s) r=0 s s=0 r 

Proposition 5.2. For x,y 6 C* 

/ aAc (x, y, g) = -* / aAc (g 2a+ 7*, g 2c+ 7</, g). (5.4) 

xy 

Proposition 5.3. For x, y G C* and £, k e Z 

/oAe(*, V, g) = (-x) f (-y) fc g a (^ +Mfc+c (')/ a ,v(g a ^x, g w+cfc y, g) 
£-i fc-i 
+ ^(-x) m g a (")j(g mfc 2/; g c ) + ^(-y) m g c ^)j(^; Q a ), (5-5) 

m=0 m=0 

where when b < a, we follow the usual convention: 

b a-1 

^c r := - ^ °r- ( 5 - 6 ) 

r=a r=b+l 

Corollary 5.4. We have two simple specializations: 

fa,bA x , v,q) = - yfa,b,c(q bx i q c y, g) + 3(*\ <f), (5.7) 

/a,6,c(^, y,q) = ~ xf aAc (q a x, q b y } q) + j(y; g c ). (5.8) 

The functions f a ,b,c(x,y,q) and g a ,b,c(x, V, g> — lj — 1) satisfy the same functional equa- 
tion. 

Proposition 5.5. The functions f a ,b,c{x, V, q) and g a ,b,c(x, V, Q, — 1, —1) satisfy 

G(q b2 - ac x, y, q) = g^ 1 )-^ 1 ) j^G(x, y, g) + ^(-^^"(^g^^^g^; g c ) 

v y ' r=0 

TTie functional equation with respect to y is obtained by interchanging x with y and then 
a with c. 

Proof of Proposition ^. 51 For f a ,b,c( x > Vi ?)> we specialize £ = — c, /c = 6 in Proposition 15. 3[ 
rewrite the first sum of (15. 5p using the summation convention (15. 6 j) of Proposition 15. 3[ 



_ ? «et')-««')t£)!yj(- y )v6)i(^:./" 
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and then rearrange terms 



-y) b L 



6-1 



E i- x Y<l a{;) j(<l rh y; <f) - Y^(? rt *; q a ) . (5.9) 



r=— c r=0 

We rewrite the first sum of the right-hand side of (I5.9p . We replace r with r — c and 
simplify to obtain 

E (-x) r A'(? rt i/; ? c ) = ? a(cr) " c(T) 7E$ EC-^^^g-^-^'^y; ? c ), 

and the result follows. We recall the definition of g a ^ jC (x,y,q, —1, —1) from line (j0.5p . 
We consider each of the two sums separately. Applying fl2.2cj> to the second sum in AO. 5[) 
yields 

t=0 



g c(fe2 " ac) ,-l)]. (5.10) 



Applying (ll.2ap to the first sum in (I0.5P and then replacing t with t — b produces 



-y) b 

a+b-l , s a 

t=6 ^ X ^ 

With the convention f)5.6p in mind, we write Xlt=b _1 = St=b + S"=a _1 - m the secon d 
sum, we replace t with t + a and then use (ll.2al) and (I2.2ep . Simplifying and adding to 
(15.1 Op produces the result. □ 

Proposition 5.6. If a and c divide b, then both f a ,b,c(x,y,q) and h a ^ c (x,y,q, —1, —1) 
satisfy 

b/c-l 



G(q b2/c - a x, y, q) =q<" / ? 1 ) 



-yf/c 



G(x,y, q )- E(-^) r ^j(^;g a ) +j(y,q c 



r=0 



The functional equation with respect to y is obtained by interchanging x with y and then 
a with c. 

Proof of Proposition 15. b\ Showing this for f a ,b,c(x,y,q) follows from Proposition 15.31 with 
the specializations £ = —l,k = b/c, where we use the summation convention (15. 6p to 
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rewrite the sum from to —2. Recalling the definition of h a ^, fi {x, y, q, — 1, — 1) from 
Theorem 10 .44 we have 

h aM ( q b2/c - a x, y, g, -1, -1) = j(/ /c ^; 1 a )m( - • ^=^, g fo2/a - c , -l) 

+ jXy;g c )-(-^ +1 )-V b2/c - a) ^,/ /c - Q ,-i). (5.ii) 

Using (I2.2cp . the second term of the right-hand side of (15.111) becomes 

M f) + «>( - "I) ■ (5-12) 

We now focus on the first term of the right-hand side of (15. lip . Using (ll.2aj) . we have 

j(q b2 / c - a x;q a ) = jijf^l^X] q a ) = {-xY^'^q-^'^ 1 ) j{x] q a ). 
Iterating equation ( 12.2el) 6/c times yields 

q b/c(b 2 /a-c) (— x y>/a ' y ' V Vg b M6 2 /a-c) (— X ) b /<*J 



\qb/c(b 2 /a-c) (_ x \b/a J * \ (— X \b/a^ 

Simplifying shows that 



j(q^ X ; q*)m ( - ■ g^, -l) 



q b/c(b*/a-c) {- x y>h 

fc=0 y ^ ' 

In the second line, use fll.2a[) to write 

j(x;q a ) = (-x)( fe / c - fc ~ 1 )"/ a g a ( (6/C ~" 1)b/a )j(g (6/c - fc - 1)b x;g a ). 
Replace k with b/c — 1 — k, simplify, and the result follows. □ 
We collect results on the poles and residues of g a ,b,c and h a ^ c . 

Proposition 5.7. Fix a generic y G C* and let a, b, and c be positive integers with 
b 2 > ac. The function g a ^ c (x,y,q, —1, —1) is meromorphic for i ^ and has poles at 
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points xq, where xq satisfies at least one of the following two conditions: 

I. g a (^ 1 )- c (°J 1 )-*i( 62 - ac )(- 2/ )«(- aro )- 6 = q k<b*-ac)^ 
II. q <r)-<V)-^-ac) { _ Xori _ y) - b = fc<r-ac) } 

where ti,t2,k G Z ; < ii < a — 1 and < t 2 < c — 1. If Xq satisfies I or II exclusively, 
then it is a simple pole with respective residue 

I. x (- 2 /) tl g c ^ 1 ) +a{ ' ,2 - ac) (^j(^ 1 xo,g a )/(o-7 , a(62 _ ac) ) ! 

II. (-a; )^y 01)^0%, q C )/{c ■ J ,c( b *-ac)) , 

where the residues for type II have only been computed at k — 0. Given the residue at k = 
/or po/es o/ toj>e II, one can use t/ie functional equation of Proposition [3731 to compute the 
residue for general k G Z. 

Proposition 5.8. Fzx a generic y G C* and Zei a, 6, and c 6e positive integers with b 2 > ac 
and b divisible by a, c. The function h a ^ c (x, y, q, — 1, —1) is meromorphic for x ^ and 
has poles at points Xq, where Xq satisfies at least one of the following two conditions: 

I. q c( b/ l +1 )-a { _ Xo){ _ y) -Wc = q k(*/c- a)j 

II. q < b/ rh^-y)(- XQ )-Wa = g k{*/-c) t 

where HZ. If xq satisfies I or II exclusively, then it is a simple pole with respective 
residue 

I- -x j(y,q c )/ Jop/ c -a, 
II. Xoq {b2/a - c) ^j(x 0l q a )/(b/a-J y /a ^, 

where the residues for type I have only been computed atk — 0. Given the residue at k = 
for poles of type I, one can use the functional equation of Proposition [3731 to compute the 
residue for general k G Z. 

Proofs of Propositions \5. 7| and 15. #1 Both proofs are similar, so we will only prove Propo- 
sition 15.71 The poles follow from the definition of g a ,b,c{x, y, q, —1, —1). For poles of type 
I, the residue follows from using Proposition 11.51 For poles of type II, we use (12.2bj) and 

Proposition Ol and then use the fact that q c ^ 1 ^~ a ^ 1 ^~ t2( - b2 ~ ac \-x ) c (-y)^ b = 1 when 
k = 0. □ 

5.2. Proof of Theorem l0.3i We first prove technical results. The first lemma is straight- 
forward. 

Lemma 5.9. For generic x, y G C* 

The functional equation with respect to y is obtained by interchanging x with y. 
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Lemma 5.10. Fix a generic y G C*. The function 9 ntP (x, y, q) is meromorphic for x^O 
and has poles at points x , where x satisfies at least one of the following conditions: 

I qSp{2n+p)+p(n+p)/2f x \n+p/_y\-n _ g ip 2 {2n+p) ^ (5.13) 
II. g r P( 2n +P)+P( n +P)/ 2 (_y) n +P(_ a ; )- n = g^P 2 ( 2n +P). (5-14) 

If xo satisfies either I or II exclusively, then it is a simple pole with respective residue 

-Tn ■ ?/ s-^+(n+l)/2 

(n+p)-x s - epHn+1)/2 . q P(s-e P Hn+i)m* 3{q 0,gj ' 

r-£p+(n+l)/2+l 

TT ^0 -(pir-ip+in+l)^) n\ 

n . y r-£p+(n+l)/2 . q p(r-ip+(n+l)/2) 2 J W iJiH )■ 

Proof of Lemma \5.1(A We prove the residue for poles of type I. Using Proposition 1 1.4[ 
Urn (x - x )9 ntP (x,y,q) (5.15) 

X— >XQ 

p-1 



q n ( r ~ in 2 1),2 ) + tn+p)(r-{n-l)/2) (s+(n+l)/ 2 ) +„( s +("+D/ 2 ) ^^y-^-l)^ (_ y )s+(n+l)/2 
r*=0 

j ( _ gnp(s-r) x n ^ y n. q n P 2 ^jj (q P (2n+p)(r+s)+p{n+p) x^yP-^ gP 2 {2n+p)^ ( — l)^+ 1 g p2 ( 2n+p K2)x 
j^ — iyqp(2n+p)r+p(n+p)/2yn+p/ x n.^qp2(2n+p)^ (n + p) 

We rewrite two theta functions of (15.15!) . Using (15. 13ft to substitute for x^jy n and then 
using (ll.2ap . 

j(- q Ms-r) x n/ y n. q n^ = j(_ q np*-np( S -r) y n ^n. g np^ 

= j^_qnp 2 (l~2e)+np(r+s)+sp 2 +p(n+p)/2-ep 3 \p. g™P 2 ) 

= -q- n 'P 2 ( 1 ~2 2e ) ((_1)P+! qnp(r+s)+sp 2 +p(n+p)/2-tp i ^P) 2 ^ 1 



j^_q n p( r + s )+ s P 2 +p(n+p)/2-ip 3 /_ x \p. q n P ^ 

n P 2 ( 1 ~2 2t ) (7 — 1 \P+l n np{r+s)+sp 2 +p{n+p)/2-lp A p\ 2t -~ l 



— -q~ n P { 2 ) U_iy+^qnp{r+s)+sp z +p{n+p)/2-ep i x P\ 
. j(_g n (2) +n P( r+s+1 ~P)(_gP(' s - £ P+(' 1 + 1 )/ 2 ) a ; )P- g"P 2 ) 

Using (15.131) to substitute for Xq and then using fll.2a[) yields 

j^qP{2n+p)(r+s)+p(n+p) x PyP. ( y 2 {2n+p)^ _ j ^_^y qP{2n+p)r+p(n+p) /2+£p 2 (2n+p) y n+p / n. ( y 2 {2n+p)^ 

— (_i) £ g^p 2 ( 2n +p)(2) ^_iyqP( 2n +p) r +p( n +p)/' 2 y n +p j Xq)~ £ 
. j^_iyqP( 2n +p) r +p( n +p)/ 2 y n +p i x n - gP 2 ( 2 «+P)) 
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In the above line, there is a y n /xq outside of the theta function. We use ( 15. 13ft to substitute 
for this y n /xQ. Assembling the pieces and collecting terms, we obtain 

rp „s-tp+(n+l)/2 p ~ l r , , s 



Q 



.^qP{ s ~ l P+(n+l)/2) x ^y+r+l-p ■ ^ _ ^n(P)+np(r+s+l-p) ^_^p( s -ip+{n+l)/2) . ^np 2 \ j 



r*=0 



The result follows from (1 1 . 2f [) . 

We prove the residue for poles of type II. Using identity ( 11.2bj) and Proposition 11.41 

lim(*-*o)M^?) = £? n(r " ( " 2_1)/2)+(n+p)(r " (n - 1)/2)(s+(n+1)/2)+n(S+( " 2+1)/2) (5-16) 



X— ¥XQ 



' -X y-{n-l)/2^_ y Y+{n+l)/2 j3 + ^ ( q p(2n+p)(r+s)+p(n+p) x P y p. q p 2 (2n+p)s ) 
j ( ( _ 1 ) PgP(2n+p)s+p(n+p)/2 a; ™+P /y™-qP 2 (2"+p) ) 

( _ 1 )P+1 g-p(2n+p)r-p(n+p)/2 x n / _ j\ £+l^p 2 (2n+p) ( "/) ^ ^ 



j(-<T (s - r) </y n ; q np2 ) 



y n+P nJ p 2 (2n+ P ) 



We rewrite two of the theta functions of (15. 16ft . Using ( 15. 14ft to substitute for x^jy n and 
using fll.2ap . 



j^q n P( s - r ) x ™/y n - q n P 2 ^ — j^_qnp(s+r)+rp' 2 +p(n+p)/2~2lnp' 2 ~tp z ^_y^p. ^np 2 ^ 

= (_X)2^^-np 2 (- 2 *)^_^np(s+r)+rp 2 +p(n+p)/2-V(-_^)P)2^ 

. jf_qT l P(s+r)+rp 2 +p(n+p)/2-£p 3 {y\p. g n P 2 ) 
= (_l)2^^-np 2 (- 2 M )^_^np(s+r)+rp 2 +p(n+p)/2-V('_ ?/ )P)2^ 

. j('_g«(f)+ n P( s + r '+ 1 -P)^_g'*P-V+p(n+l)/2^^p. q n P 2 ^ 

Using (I5.14p to substitute for y p and then using (ll.2aj) . 

j^q P (2n+p)(r+s)+p(n+p) x PyP- qP 2 (2n+p) ^ 

= j^qP(2n+P)(r+s)+p{n+p) x P^_^yq-r P (2n+p)-p(n+p)/2+£p 2 (2n+p) x n j^n. ( jp 2 {2n+p)^ 
= j^_iyqP(2n+p)s+p(n+p)/2+ep 2 (2n+p) x n+p ^n. ^p 2 (2n+p)^ 

= (_x^g-P 2 ( 2n +p)(2)((_x)PgP( 2n +p) s +p( n +p)/ 2 x™ +p /y n )~ £ 
. j^_iyPqP( 2n +p) s +p( n +p)/' 2 x ^+p jy n - qP 2 (2n+p)^ 

In the above line, there is an x^jy n outside of the theta function. We use (I5.14p to 
substitute for this x^jy n . Assembling the pieces, collecting terms, and using t = —£p + 
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r + (n + l)/2, yields for the residue 




s+r+l— p 



The result follows from ( 11.2f[) . 



□ 



Proposition 5.11. For x,y G C* ; g n>n+P)n (x,y,q,-l,-l) + 
analytic. 



i 



■ ^n, P {x,y,q) is 



Proof of Proposition \5.11[ We want to show that 

w(x, y) := g njn+P:n (x, y, q, -1, -1) + = 



■ n , p {x,y,q) 



Jo ,np(2n+p) 



extends to a function which is analytic for x,y G C*. By the definition of 8 n ^ p (x,y,q) 
in Theorem 10.31 and the defining equation ( 10, 51) of Qn,n+p,n 

(x, y, q, -1, -1), we know that 
w(x,y) is meromorphic for x,y G C* with the two sources of singularities 



where < t\ < n — 1, < t2 < n — 1 and G Z. The families of singularities I' and II' 
are curves in C 2 , whose intersections with each other are points. By considering residues, 
we will show analyticity of w(x, y) off the points of intersection. Given the functional 
equations of Proposition 15.51 and Lemma 15.9} this collection of intersection points reduces 
to a finite set. Using Hartog's Theorem, it follows that w(x,y) is analytic at this finite 
set of intersection points. Thus w(x,y) is analytic for x, y G C*. 

It remains to show that w(x, y) is analytic off the points of intersection, which is equiv- 
alent to showing that w has local power series expansions in the variables x and y. The 
arguments for the variables x and y are the same, so without loss of generality we only 
demonstrate the local power series expansions in x. Because we are off the points of inter- 
section, if we take an x$ which is a singularity, then xq satisfies I' or II' exclusively and is 
a simple pole. We consider poles of type I' and show that the residues sum to zero. One 
sees that a pole of type I in Proposition 15.71 is a pole of type I in Lemma 15.101 precisely 
when ti + kn = s — ip + (n + l)/2. If we take the appropriate residue from Lemma 15.101 
replace s — ip + (n + l)/2 with t\ + kn and then use f ll.2aj) . we have 



I'. g ™(" + 2 P+1 )-«( n r)^P(2-+P)(_ y )n(_ a; ) 

IT. g n ( B4 a fl ) -n ( n i' 1 )-' a ^ 2n+I 'J(-a;) n (-2/) 



—n—p qknp(2n+p) 

—n—p knp(2n+p) 



xo ■ (y/x ) tl+fc V p{tl+fcn)2 • j(q p{tl+kn) x ; q n )/(n + p) 
= -x ■ (y/x ) tl+kn q~ pitl+kn)2 ■ q- n ^\-q ptl Xo)- pk q n ^\-q ptl x ) 

= -X ■ (-?/) tl g n ( t 2 1 )g^( 2n +P)(2) J (g(™+P)*i Xo; g-)/( n + p), 




n + p 



x ]q 



) 
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where the last equality follows from using ( 15. 13ft to substitute for (— y) n {— xo)~ n ~ p and 
then simplifying with t\ = —kn — Ip + (n + l)/2. We consider poles of type II' and 
show that the residues sum to zero. Given the functional equations of Proposition 15.51 
and Lemma 15.91 it suffices to consider the case k = for poles of type II in Proposition 
15.71 One sees that a pole of type II in Proposition 15.71 is a pole of type II in Lemma 15.101 
precisely when ti = r — £p + (n + l)/2. We take the appropriate residue from Lemma 
I5.10[ replace r — ip + (n + l)/2 with i 2) and argue as above. □ 

Proof of Theorem \0.3[ We make the following definition 

D n ,p(x, V, q) ■= fn,n+p,n(x, V, <?) ~ (gn,n+p,n(x, V, <?, ~L -1) + = n ,p( x i <?)) • 

(5.17) 

From Proposition 15.51 and Lemma I5.9[ we have that 

D n ^ 2n+ ^x,y,q) = q< n+P ^)^){-x) n {-y)-^D n ^y,q). (5.18) 

We fix y 7^ and show that D njP (x, y, q) = 0. We have that f n ,n+p,n{x, y, q) is analytic for 
nonzero x. This implies that D n)P (x, y, q) is also, so we can write it as a Laurent series in 
x valid for all x ^ 

D ThP {x,y,q) = Y,C m x m 1 (5.19) 

rn 

where C m depends on q, y, n and p. Inserting (15.191) into (15.181) yields 

Cm = (_ 1) n g - P (2n +p)m+ n(^+ 1 )-n("+ 1 ) (.^-(n+p)^^ ( g ^ 

We write m = kn + r where fceZ and < r < n — 1. Induction on k yields 

Ckn+r = ( _ 1) ^ g - P (2n +P )( fc r + n('=^)) +fe (n(^ 1 )-n(«^)) ^y^+p^ ^ 

Hence 

n-l . . 

r=0 k 

(5.22) 

Because D is analytic and because of the —np(2n + p)k 2 /2 term in the exponent of q, we 
must have that Co — Ci = • • • = C n _i = 0. □ 

5.3. Proof of Theorem 10.41 We prove technical results analogous to those needed for 
the proof of Theorem 10.31 The following is straightforward. 

Lemma 5.12. For generic x, y G C* 

6 aAc (q b2/c - a x,y,q) = q< b/ * +i y%-x)(-y)- b / c e aAc (x,y,q). 

The functional equation with respect to y is obtained by interchanging x with y and then 
a with c. 
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Lemma 5.13. Fix a generic y G C*. The function 6 a ,b,c{x, y, q) is meromorphic for x^O 
and has poles at points x , where x satisfies at least one of the following conditions: 

I. q^' c ~ a ^-<% c )(- Xo )(-y)- b /c = g ^ 2 /M-D ; (5.23) 

n> q (bVa-c)( d+ l)-a(^) { _ Xo y b /a { _ y) = /(ac)-l) _ (5>24) 

// xo satisfies either I or II exclusively, then it is a simple pole with respective residue 

I. - x j(y,q c ) ■ Joy/ a - c , 
II. x g (62/a - c) (^ d ) -i(xo;g a ) • J ,v/ c -a/(b/a), 
where in I we have only computed the residue at I = e = 0. 

Proof of Lemma \5.1'J[ We prove the residue for poles of type I. With i = e = and 
Proposition 11.41 

lim(x - x )6 aAc (x,y,q) (5.25) 

X— >XQ 

= _ XQ ^ ^ g( b2 /- C )( d + 1 ) + (^/c-a)(^ 1 )+«(^) (- Xo) fj ^/a-c ){d+ l )+bfy . g 6Va) 
d=0 /=0 

. ^ ^6(6 2 /M-l)(/+l)-(6 2 /a-c)(d+l)+6 2 /c( i,/ 2 a ) (^^Ay-l. g (6 2 /a)(& 2 /(a C )-l) \ 
j ^ q (b 2 /c-a)+(b 2 /a-c)(d+l)-c(% c )-a(% a ) (_ XQ y-b/a(_ y j 1-6/c. g 6(fe 2 /(ac)-l) \ 
J ( g (^/a- C )(rf+l)-( i ' / 2 a ) ( _ a;o) -V a (- 2/ );g^ 2 /M-l)) ' 

We rewrite three of the theta functions from (15.251) . Collecting terms and using (ll.2ap . 

j/Q> 2 /a-c){d+l)+bf y . q b 2 /a^ _ j^ q ^( b ' 2 l ac ) d +i b2 /ac-l)+b/c-f-d y . ( g ^6 2 /acj 

= (-l) d q- b2 / a {t) ( q {b 2 /a-c)+b-f-dc y ydj ((g^(fe 2 /ac-l)+b/c-f-d y . ( g ^b 2 /acj 

Using (15.231) with £ = e = to substitute for (— x ) yields 

.| 9 (^c-«)+(^«-c)(d+l)^(f)-«(V;)j_^jl4/^_ !/ jl4/ C . (; Hi 2 /(« C )-l)| 
= i ( ? (6 2 /a-c)( d+ l)-a(^) ( _ Xo) -6/a ( _ y) . g ^/(-)-D) ; 

and 

j ^6(6 2 /(ac)-l)(/+l)-(6 2 /«-c)(d+l)+6 2 /c(^°) ^^b/a^-l. g (b 2 /a)(fe 2 /(a C )-l) j 
= j(- g^ 2 /(a C )-l)/-(fe 2 /a- C )(d+l)+6 2 / C ( b / a )+6c/a( b / c )(_ ?/ ^ 2 /a C -l. g (ft 2 /a)(b 2 /ac-l) J_ 
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We again use (15.231) with £ = e = to substitute for (—Xq) in the first line of (I5.25p . 
Assembling the pieces and then collecting terms shows that the residue ( I5.25|) is equal to 

d=0 f=0 

. j( _ ^( b2/a 2 C ~ 1 )+(b 2 /ac~l)(b/c-f-d)^_ y ^/ac--l. ^ (b 2 / ac){b 2 / ac-l) J 

= -x j(y,q c ) ■ Joy/a-c, 

where the equality follows from f ]1.4f|) . 

We prove the residue for poles of type II. Using (ll.2bl) . condition (|5.24p . and then 
Proposition ll.4[ 

hm (x - x )9 aM (x, y, q) = V 1 & V q ^rt>^t + nMQ { - Xo )f (5.26) 

e=0 f=0 

. ■ ^ g b(b 2 /(ac)-l)(e+f+l)-(b 2 /a-c)(d+l)+b 2 /c(% a ) (_ Xo y/a y -l. g (b 2 /a)(b 2 /(ac)-l)\ 
j ^ q (b 2 /c-a)(e+l)+(b 2 /a-c)(d+l)-c(% c )-a(% a ) (_ XQ }l-b/a(_ y y-b/c. g b(b 2 /(ac)-l)) 

3{q^ /c ~ a){e+1) - c ^X-^){-y)- b/c ] g b ( fe2 /M-i)) 
We rewrite three of the theta functions from (I5.26p . Using (I5.24p to substitute for 

(-x )- b/a (-y), 

j ^ q (by C -a)(e+l)Hbya-c)(d+l)-c(%c)-a(% a ) (_ XQ )l-b/a(_ y y-b/c. g b(b 2 / (ac)-l)\ 
= j^ q (b 2 /c-a)(e+l)-c( b ^)+eb(b 2 /ac~l)^_ Xo ^_ y yb/c. g b(b 2 /(oc)-l)j 

= (_1) V (&2/aC - 1) (2)( g ( fe2 / C -a)(e + l)- C (t) ( _ Xo ) ( _ 2/ )-Ve ) ^ (5 . 27 ) 
._ 7 -( 9 (f 2 /c-a)(e + l)-c(^) ( _ Xo)( _ y) - 6 / c . g6 (6V(ac)-l)) ) 

where the last equality follows from (ll.2a|) . Similarly, 

■ ^b(by(ac)-l)(e+f+l)-(b 2 /a-c)(d+l)+byc( b ( ! a ) ^_ x ^b/a y -l. g (b 2 /a)(b 2 /(ac)-l) j 
= j(- q b(b 2 /(ac)-l)(e+f+l)+(b 2 /c-a)(% a )-a(b 2 /ac~l). g {b 2 / a){b 2 / {ac)~l) y 

Using (I5.24p to substitute for y yields 

■ ( q (b 2 /a-c)(d+l)+bf y . g b 2 /a^ = jf- g bf+tb(b 2 /ac-l)+a(% a ) (_ Xo )&/« ; g & 2 /*) . 

In extreme right of (I5.27p . there is a (— outside of the theta function. We replace this 
(— y) with the value given by (I5.24p . Assembling the pieces and collecting terms shows 
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that the residue ( 15. 26ft is 

(h 2 ln-r\( lb ' c - d \ b/a-l 



b/a 

1 f=o 



■J 



( _ ( q ^(% a )+b/a-(f+l(b 2 /ac-l)) (_ XQ )b/a. ^ f/" 2 ^ 



b/a-l 



q ^/c-a)(; +i '+ 1 - t )-^_ ^ q (b 2 /c-a)^% a )+b/a-(e+f+l-e)) ^ q (b 2 /c-a)Yb 2 /a 2 )^ 



e=0 



= x q^^( eb/C ") ■ j(x ;q a ) ■ J , b y c - a /(b/a), 

where the last line follows from (11.2fj) . □ 

Arguing as in the proof of Theorem I0.3[ one sees that Theorem IU.4I follows from the 
proposition: 

Proposition 5.14. Forx,y G C*, h a:b:C (x, y, q) — = = ajbjC (x, y, q) is analytic. 

J 0,b 2 /a-c J 0,b 2 /c-a 



Proof of Proposition \5.14\ One argues as in the proof of Proposition 15.111 Here, a pole of 



type I in Proposition 15.81 is a pole of type I in Lemma [5.131 precisely when k = £b/a — e. 
Because of the functional equations of Proposition 15.61 and Lemma I5.13[ it suffices to 
consider the case k = e = £ = 0. Here we see that the residues cancel. We also see that 
a pole of type II in Proposition 15.81 is a pole of type II in Lemma 15.131 precisely when 
k = £b/c — d. We see again that the residues cancel. □ 

6. Proofs of the four subtheorems 

The four subtheorems can be obtained from Theorem 10.31 by using Appell-Lerch sum 
properties such as Theorems 12.31 and 12.51 as well as theta function properties; however, we 
will prove these four subtheorems directly. To abbreviate notation, we define 

M n ,p{.x } y } q) := g ntn+p>n (x,y,q,y n /x n ,x n /y n ). (6.1) 

Using identity ( 12 .2 aft , it is easy to show that M n)P (x, y, q) satisfies the functional equation 
of Proposition 15.51 The following proposition's proof is a straightforward use of ( ll.2a|) . 
Here we define ® n ^{x,y,q) := 0. 

Lemma 6.1. For generic x, y G C* and p G {1, 2, 3, 4} 7 

e n , P {q P{2n+P) ^ V, 1) =q n(np < P+ ^\-x) n {-y)-^Q n ^ y, q). 
The functional equation with respect to y is obtained by interchanging x with y. 
Proposition 6.2. For x,y G C* ; the function M nyP (x,y,q) — Q n)P (x,y,q) is analytic. 

With this proposition in hand, one argues as in the proof of Theorem 10.31 to prove 
the four subtheorems. It remains to prove Proposition 16.21 The proof of Proposition 16.21 
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serves as a guide to the remaining subsections, which contain the referenced corollaries 
and lemmas as well as their proofs. 

Proof of Proposition \6.2 . We want to show that 

w(x, y) := M n;P (x, y, q) - Q njP (x, y, q) 

extends to a function which is analytic for x,y G C*. By the defining equation (I0.5P and 
the definition of Q n ,p{x, y, q) in the four subtheorems, we know that w(x, y) is meromorphic 
for 1,1/gC* with the three sources of singularities 

I'. y n/ x n = q knp(2n+p)^ (q^ 
JJ' X P = ^_-^^p+l^fcnp(2n+p)+n(np+( p + 1 ))-rp(2n+p) g-j 
III' y p = (_l)P+ 1 g fcn P( 2n +P)+ n ( n P+( P 2 1 ))~ r P( 2n +P) (5 4) 

where r, k G Z and < r < n — 1. The families of singularities I', II' and III' are lines 
in C 2 , whose intersections with each other are points. By considering residues, we will 
show analyticity of w(x, y) off the points of intersection. Given the functional equations of 
Proposition 15.51 and Lemma [67T1 satisfied by M n , p (x,y,q) and Q ntP (x,y,q), this collection 
of interesection points reduces to a finite set. From Hartog's theorem, it follows that 
w(x,y) is analytic at this finite set of intersection points. Thus w(x,y) is analytic for 
x, y G C*. To prove that w(x,y) is analytic off the points of intersection is equivalent to 
showing that w has local power series expansions in the variables x and y. Because we 
are off the points of intersection, any singularity will satisfy I', II', or III' exclusively thus 
making it a simple pole. It suffices to show that the residues at each simple pole sum to 
zero. The arguments for the variables x and y are the same, so without loss of generality 
we only demonstrate the local power series expansions in x. For this, we will consider the 
residues for poles of type I' 

lim (x - ( n y)M njP (x, y, q) =R^ p (y, q) and lim (x - ( n y)9 n , P ( x i V, Q) = T n,p(Vi ?)> 

which are Proposition 16 .41 and Lemma [6.191 respectively, and the residues for poles of type 
II' 

lim (x - x )M^ p (x 1 y,q) =R 2 n Jy,q) and lim (x - x )6 niP (x, y, q) = T*(y,q), 

which are Proposition 16.121 and Lemma 16.281 respectively. Here xq satisfies (|6.3p . 

We prove the p — 1 case. By analysis of residues, we show M n ^(x,y,q) extends to 
a function analytic for all i / 0. We consider poles of type F. Because of fll.2dj) . the 



poles of B^^iy.q) (see Definition 16. 3p are seen to be removable; hence, R^^iy^q) extends 
to a function f(y) analytic for all y ^ 0. By Proposition 16.51 we have that f{q 2n+1 y) = 
y~ 2 (n 1( l n f(y)- By Proposition II .3[ either f(y) has exactly 2 zeros in the annulus |g 2n+1 | < 
\y\ < 1 or f{y) = for all y ^ 0. But by Proposition 16. 6[ there are at least four such 
zeros. We consider poles of type IF. Because of the functional equation of Proposition 
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15.51 satisfied by M n ^(x,y,q), we can assume k = in ( 16. 3ft . Using Proposition 11.51 this 
pole is removable: 

lim (x - a n2+n )i(x- a n )m(a n2+n ^ q"( 2w+1 ) —\ = lim ifeg^K^ — = 

We prove the p = 2 (resp. p = 3,4) case. Throughout, we let < {a} < 1 denote 
the fractional part of a, and note that (n,p) = 1. We consider poles of type I'. Given 
the functional equations of Proposition 15.51 and Lemma 16.11 satisfied by M n>p (x, y, q) and 
Q n ,p(x, y, q) respectively, we only need to be concerned with x = ( n y in ( 16. 2p . where ( n is 
an n-th root of unity. Poles where ( n = 1 are removable. We define 

g{y) ■= R^piv, ~ T l P (y^ 

We first show g(y) is analytic for all y ^ 0. We see that g(y) is meromorphic for y ^ 
with at most simple poles at the points found in Corollary 16.81 (resp. 16.91 16. 10| an d Lemma 
16.221 (resp. 16. 23} 16.24"]) . There is an easily derived correspondance between the poles. We 
note that k, £ 6 Z and define £*:=£ — {(n — l)/2}. If y Q is a simple pole of R^ p (y, q), i.e. 

yP _ ^_^p+l£-p^fcnp(2n+p)-n(np+(f))-rp(2n+p) ^ yP _ ^_-Qp+l ^knp(2n+p)-n(np+(j^)-rp(2n+p)^ 

then y is a simple pole of T^ p (y, q), i.e. 

_ f_l\P+l(--PqZ*P(2n+p)-p(n+p)/2 ^ ^p _ /_j\p+l^l*p(2n+p)-p(n+p)/2\ 

precisely when £ = fcn — r — (n — l)/2 + {(n — l)/2}. Because (n,p) = 1, the two families 
which do and do not involve ( n have no overlap. If we take the residue of such a yo 
from Corollary 16.81 (resp. 16.91 16.10"]) . and substitute this value for £ into the corresponding 
residue from Lemma [6.221 (resp. 16.23] I6.24p . we find that the sum of the two residues is 
zero. Hence g(y) is analytic for all y ^ 0. From Lemma [6.201 and Proposition I6.5[ we have 



9 



( q p(^+p) y ) = y- 2p Q p q np - (p - 1)p{2n+p) g{y). 



By Proposition 11.3] either g(y) has exactly 2p zeros in the annulus |gP( 2n + p )| < \y\ < I or 
g(y) = for all t/ ^ 0. However, by Proposition 16.61 and Lemma [6.21] there are least 4p 
such zeros, e.g. ^(±(- 1/2 g (( 2fc + 1 )™+P fc )/ 2 )) = for aU k G Z, < k < 2p - 1. 
We consider poles of type II'. We define 

g(y) ■= Rl, P {y> i) - T n, P (y, 

Our goal is to show that g(y) is analytic for y ^ 0. Although R^ p (y, q) only has a single 
family of poles (see Proposition I6.14j ). all of which are simple, it turns out that T% p (y,q) 
has two families of poles (see Lemma 16.301 (resp. I6.31[ I6.32p ) which may overlap and 
lead to poles which are not simple. To get around these intersection points from the 
two families of singularities of T^ p (y,q), we replace the fixed xq with the variable x and 
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define f(x, y) := R^ p (x, y, q) — T% p (x, y, q). We see f(x, y) is a meromorphic function for 
x,y e C* with the two sources of singularities 

I. y n = x n q tnp(2n+p)^ ^ 
H yP _ f_l\P+lqt*p{2n+p)-p(n+p)/2^ /g g\ 

where i 6 Z and t* := t — {(n — l)/2}. The singularities I and II are lines in C 2 , whose 
intersections are points. If a singularity satisfies I or II exclusively, then it is a simple pole. 
By considering residues, we will show analyticity of f(x,y) off these intersection points. 
Using the functional equations from Proposition l6.13l and Lemma[6729](and easily obtained 
analogous functional equations for x), this collection of intersection points reduces to a 
finite set. From Hartog's theorem, it follows that f(x, y) is analytic at this finite set 
of points. We focus on poles of type I. Here the poles are at the points yo found in 
Proposition 16.141 and Lemma 16.301 (resp. 16.311 16.32p . We again note that fc,f 6 Z and 
define £*:=£ — {(n — l)/2}. We note that x is a simple pole of M ntP (x, y, q), i.e. 

X P _ ^_^p+l^fcnp(2n+p)+n(np+( p + 1 ))-rp(2n+p) 

if and only if x is a simple pole of Q n>p (x, y, q), i.e. 

X P _ / ]\p+lq£*p(2n+p)-p(n+p)/2^ 

where t = kn — r + (n + l)/2 + {(n — l)/2}. If we take the residue of such a yo from 
Corollary 16.151 and substitute this value for i into the corresponding residue from Lemma 
16.301 (resp. I6.31[ [6732]), we find that the sum of the two residues is zero. Given the 
functional equations of Lemma 16.291 and Proposition 16.131 we only need to do this for 
t = in ( 16. 5p . From Lemma [6.301 (resp. 16.311 16.32j) . poles of type II are removable. Thus 
f(x,y) is analytic for all x,y ^ 0; as a consequence, g(y) = f(x ,y) is analytic for all 
y ^ 0. From Lemma [6.291 and Proposition 16. 13[ we have 

g{f^y) = q^^i-yn-XoY^giy). 

Arguing as in the proof of Theorem 10.31 shows that g(y) = for all y ^ 0. □ 

6.1. Functional equations, zeros, and poles for R\ (y,q). 

Definition 6.3. Let n and p be positive integers with (n,p) — 1, y £ C* generic, and ( n 
an n-th root of unity. Then 

R l , x . = CnV f V 1 ^ Cn^ifXny^" 1 ) 

^ Tl I ^qPr 2 j(- q n ( n P+(2))+ r P( 2n +P)(-( ny y ]q np(2n+p)^ 



n—1 



J2 Cnj(q pr y,q n ) 



^ q pr 2 j(- q n ( n P+{2))+M2n+P)(_yy. q np(2n+p)^ 

Proposition 6.4. Let y and ( n be as in Definition \6.3[ Then 



lim (x - ( n y)M n>p (x, y, q) = R X n Sy, q). 
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Proof. This is a straightforward application of Proposition 11.41 followed by identities ( 11. 3ft 
and (Obi) . □ 

Proposition 6.5. Let y and ( n be as in Definition \6.3[ Then 
Proof. We have 



KM p{2n+p) y^) = Qnq - y {H 



r=0 gP r2 j(-g n(np+ (2) )+(r+p)p(2n+p) (-( n ?/)P; g"P(2n+p)) 



_y Cnj(q n2p+Pir+P) y;q n ) 1 

~J gpr 2 j^_gn(nP+(^))+(r-+p)p(2n+p)^_^^ p . ?np (2 n +p)) / 

C9 p(2w+P) y f 1 C r+p j(g n2p+pr Cny;g n ) 

_ n y' ( r n- p j(q n2p+pr y,q n ) 

~ qP(r-p) 2 j(_ q n ( n PH P 2)"> +r P( 2n+ P\-y)P- q n P (2n+p)^ 
-2ps-p np-(p-l)p(2n+p) Cny / \ ^ Cra ^ j{ ( f CnV'i 



_ y~2p^--p q np-(p-l)p(2n+p)^ny J 



r=p 



gpr 2 j f _ q n(np+ (f ) ) +rp(2n+p) \ p , q np{2n+p) > 



where in the second equality we substituted r — > r — p in both sums, and in the third 
equality we applied fll.2a[) and simplified. With the convention of Proposition 15 .31 in mind, 
we have for generic a function / 

n+p—l n—1 n+p—1 

E /w = E/( r )+ E /(»•)• 

r=p r=p r=n 

Hence to finish the proof, it suffices to show that for each of the sums within the braces 
that 

n+p—l p— 1 p— 1 

E /w = E/( r +^) = E/( r )- 

r=n r=0 r=0 
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Without loss of generality, we consider the first sum within the braces. After we have 
shifted r, 



P__^ f-r n -p{r+n) 2 j( n np+pr f 



CV p(r+n) j(q np+pr (ny; q n ) 

■( „np{2n 

r=0. 



J j f _gnp(2n+p)+n(np+ (j) )+rp(2n+p) / _£^A p . ^np(2n+p) \ 



_y C r q- pr2 j(q pr (ny,q n ) 

j(_g»(»P+(S))-HT( !!n +P)(_C n y)P; g np(2n+p)) 

where the equality follows from f |1.2a[) and simplifying. □ 
Proposition 6.6. Let k be an integer and ( n as in Definition \6.3l then 

< P (±C 1/2 ? ((2fc+1)n+M/2 ,g) = o. 

Proof. Without loss of generality we prove the "+" case. We have 

K, P (C 1/2 Q m+1)n+kp)/2 ,q) 

f /— V 2 ((2fc+l)n+fcp)/2 

n 

n ~ 1 £-rj^pr+((2fc+l)n+fcp)/2£l/ 2 . ^ 



^np(2n+p) ^ 



n— 1 



^rj^pr+((2fc+l)n+fcp)/ 2 ^ 1 / 2 - g n "j 



r^O q Pr2 j{( — l)P+ 1 g rt ^ np+ (2)) +rp ( 2n+p ) +p (( 2fc+1 ) n+A;p )/ 2 ^ p / 2 - g«p( 2 «+P)) J 

We show that the two sums are equal. Using f ll.2bl) . we rewrite the second sum as 

C 3 (g n ~P r ~(( 2fc+1 ) n+fc P)/ 2 ^y 2 ■ g ra ) 



n-1 



pr 2 j ( (_ l)p+l^ n ( n P+(2) )+"P-rp( 2 ™+p)-p((2A;+l)n+fcp)/2 ( Ap/2 . ^ np (2n+p)) 



r=0 9 

Making the substitution r n — r — k, the second sum becomes 

( A-r-fcj^-n(p+2fc)+pr+((2A;+l)n+fcp)/2^1/ 2 . ^ 



T* k,q P<yn ~ r ~ k ^ 2 — iy P +lq~np(2n+p)+n(np+(^)+rp(2n+p)+p((2k+l)n+kp)/2^p/2_ gnp{2n+p)^ 

£-r j ^pr+((2fc+l)n+fcp)/2^V 2 . ^ 



i— fc 



= V 

r ^ fc gPr' 2 j((_l)P+lg n ( n P + (2))+ r 'P( 2n +P)+P(( 2 ' c + 1 ) n + fc P)/ 2 ^P/ 2 . gnp(2n+p)) ' 

where the second equality follows from fll.2a[) and simplifying. Using the summation 
convention of Proposition 15.31 we have for a generic function / that 

n—k n—k —1 n—k n—l 

E /(»•) = E /(»•) = £/(*■) + E 

r=l— A; r=0 r=l— fc r=0 r=n— fc+1 
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Hence we need to show 

n— 1 n— 1 

Yl f{r-n)= Yl f( r ^ 

r=n—k+l r=n—k+l 

Focusing on the left-hand side, 

f — ^t + ig p ( r ~ n ) 2 j(( — l)p+ 1 g n ( n^ ' + (2)) + ( r ~ n )^ , ( 2n+ ^') + p(( 2A:+1 ) r^+A: ^ , )/ 2 ^/ 2 ■ g«p(2n+p)) 

^ £- r-j^-np+pr+((2fc+l)n+fcp)/2^1/2 ^ 



r=n- 



-fe+i 9 



p(r-n) 2 j^_^p+lg- n P(2n+p)+n(np+(P))+r-p(2n+p)+p((2A;+l)n+fcp)/2^p/2. ^ np ( 2n +p)-j 



n-1 



v ~ C r j(g pr+((2fc+1)n+fcp)/2 Cn /2 ;g n ) 

r -n k i q pr2 j(( — l)P+ 1 g n ( ?lp+ (2))+ r P( 2 "'+P)+P(( 2fc + 1 ) n + fc P)/ 2 ^/ 2 - gnp(2n+p)) ' 

where the last equality follows from (II .2aj) and simplifying. □ 

Proposition 6.7. Let n, p, and ( n be as in Definition 1 6. 3\ with Cn¥" 1> an d ^ k an d r be 

integers with < r < n — 1. R„ (y, q) is meromorphic for y ^ and has at most simple 
poles at points y$, where yo satisfies one of the following two conditions: 

I yP = ^_iy+i^-Pq kn p( 2n +p)- n ( n P+(2))- r P( 2n+ P') 
II yP = ^_iY+^q kn p( 2n +p)- n ( n P+(X)^~ r P( 2n+ p) 
The respective residue at such a y is given by 

I- (-l) fc+1 Cr r Z/o 2 9 np{2n+p) (^j(/ r CnZ/o; q n )/{npq pr2 J 3 M2n+p) ), 
II. {-l) k Cl +r ylq np{2n+p) ^3{q pr yo, q n )/{npq pr2 Jl p{2n+p) ). 
Proof. This follows from the definition of R^ (y,q) and Proposition 11.41 □ 

Corollary 6.8. Define v := kn — r — (n — l)/2. For p = 2, the residues of Proposition 
6. 7| can be written respectively 



II. (-l)Xr^ 4(n+1)( ^ 1) ^ (n2 - 4 "- 3) ^,4„/(2nJ 4 3 n(n+1) ). 

Proof. We prove the residue for type I; the proof for type II is similar. Using the respective 
value for y$ above and the respective residue from Proposition 16. 7\ the residue is 

(-ifC- 1 -^ 1 ^ 1 )^^ (6.7) 
Using (11.2fj) with m = 2 yields allows us to expand the j(q 2r CnVo, q n ) term, to have 

j(q 2r C n yo; q n ) = 3{-q n+Ar Cvl Q 4n ) - q 2r Cny j(-q 3n+4r ( 2 n y 2 ; Q 4n )- (6-8) 
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We consider the first theta function of the right-hand side of (16. 8ft and substitute for y^, 
to obtain 

j (-q n+ir ( 2 yl; q 4n ) = j(g 4n ( fc ( n + 1 )- r )" 2n2 - g 4n ) — j (qMHn+l)-r-{n+l)/2) q 2n^ ^4n^ 

- C_1 V fc ( n + 1 )- r '-( n + 1 )/2)^-4n( fc ( n + 1 '-7("+ 1 '/ 2 )-2n(fc(n+l)-r-(n+l)/2) r 

where the last equality follows from (11.2al) . Considering the second theta function of the 
right-hand side of (16. 8 j) and substituting for t/q, produces 

^_ q 3n+^^2 y 2. q ^ = ^ g 4n(fc(n+l)-r-(n-l)/2)) ;g 4n) = Q 

Inserting (16. 8 p into (16. 7p and collecting terms produces the desired result. □ 



Corollary 6.9. For p = 3 ; the poles and residues of Proposition \6. 7| can be written 
respectively 

T „,3 _ A-3 /1 3fcn(2n+3)-3n(n+l)-3r(2n+3) _ , , A-l „fcn(2n+3)-n(n+l)-r(2n+3) N 

x - i/0 ~~ Sn y l u/ yO — ^Sn V J) 

TT „, 3 — „3fcn(2n+3)-3n(n+l)-3r(2n+3) _ , ,_fcn(2n+3)-n(n+l)-r(2n+3)\ 

il - yo ~~ y \ u < yo — )■, 

•where u 3 = 1 and w^l. ("ZTie po/es where u> = 1 are easily seen to be removable.) Define 
v := kn — r — {n — l)/2. T/ie respective residue at such a yo is given by 

I. (-ITC^V-^I - w) g-2( a « + 3)(--)-|(n-3)(n + l) J 3 J ( 3 n jf n(2n+ 3)) , 

II- (-l)^ 1 ^ 1 - 2 ^! - ^)^ 2(2n+3)( ^ 1) ^ (n - 3)(n+1) ^/(3nj| n(2n+3) ). 

Proof. The first part follows from specializing Proposition 16.71 to p = 3. We note that 
when we identify the corresponding pole of T^ 3 (y, q) in Lemma f6.23l the pole must involve 
the same primitive third root of unity. We prove the residue for type I; the proof for type 
II is similar. Specializing the residue in Proposition 16.71 to p = 3 yields 

(-i) fe+i crw" (2n+ ^ (6.9) 

Using the respective value for yo from type I above, we have 

2 2/— 2 2 

Noting that j(cu, q n ) = (1 — co) Js n , it follows that 



j{q 3r (nyo;q n ) =j(coq n ^ 2n+3 ^ n+1 ^ ]q n ) = (_ w )fc(2«+3)-(n+l)-2r 



3{u;q" 



n ^fe(2n + 3)-(n + l)-2r-j 



We insert both results back into ( 16. 9 p and collect terms to produce the desired result. □ 

Corollary 6.10. For p = 4, the poles and residues of Proposition \ 6. 7| can be written 
respectively 

t ,,4 _ /•- 4 4fcn(2n+4)-n(4n+6)-4r(2n+4) / „ 2 _ • a- 2„2fcn(2n+4)-n(2n+3)-2r(2n+4)\ 

L - yo — Sn q \°' yo — il sn q J' 

TT „,4 _ _ /> 4fcn(2n+4)-n(4n+6)-4r(2n+4) „,2 _ ■ 2fen(2n+4)-n(2n+3)-2r(2n+4) \ 

ii . yo — y l UI yo ~ i q )i 
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where i 2 = — 1. Define v := kn — r — (n — l)/2. T7ie respective residue at such a yo is 
given by 

T 1 y~ L ) -2(2n+4)( 1J - 1 )-n 2 +n+3 f (-, -w , ■>- 2-(2n+4> j \ 

L 4 n j3 fl+r % [} ~ l ) J in,16n + KnVoQ ^8n,16n J, 



4n(2n+4) 



TT 1 \ l > W -2(2n+4)("- 1 )-n 2 +n+3 ((-, -w , • 2-(2n+4)v T 

4nJ 4n(2n+4) V 

where 5 := {(i> — l)/2}, wzi/i < {a;} < 1 denoting the fraction part of x. 

Proof. The first part follows from specializing Proposition 16.71 to p — 4. When we iden- 
tify the corresponding pole of T^ 4 (y,q) in Lemma [6.24[ the pole must involve the same 
primitive fourth root of unity. We prove the residue for type I; the proof for type II is 
similar. Specializing the residue in Proposition 16.71 to p = 4 yields 

{-l) k+ ^Q l - r q 2kn(2n+A) - n{2 ^^ 

(6.10) 

Using ( 11.2fp with m = 4 we can rewrite the j{q ir CnUoi Q n ) term as 

j(q 4r C n y ; q n ) = j(-q 6n+ler Cy , Q Wn ) ~ q Ar (nyoj(-q 10n+Wr (y; q mn ) (6.11) 

+ q n+8r Cy 2 3(-q 14n+16r Cy ; q Wn ) ~ q* n+l2r Clylj{-q X * n+l&r Cy q Wn )- 

We have two cases to consider depending on whether kn — r — (n — l)/2 is even or odd. 
We consider the even case; the odd case is similar. We work with the sum of the first and 
third summands of the right-hand side of (16.111) . Substituting for y$ and y 2 , 

j( - q 6n+16r Cy ; q Wn ) + q n+8r C 2 y 2 j(-q Un+Wr Cy q Wn ) 

— j(g 16nfc+8n ( fcn ~ r ~ (n ~ 1 )/ 2 ~ 1 )g 4n - g 16n ) 

I • 8nfe+4n(fcn-r-(n+l)/2) •/ 16nfe+8n(fcn-r-(n-l)/2) 4n. „16n\ 

' q j\q q ■> q > ■ 

Under the even assumption, we use fll.2a[) and simplify to rewrite this sum as 

4n,1 (6.12) 

We consider the sum of the second and fourth summands. Substituting for y 4 and y$, 
-q 4r Cnyoj(-q 10n+16r Cy q Wn ) ~ q^ClyU-q 1 ^^ q Wn ) 

_ _ g 4r £ y j/qlGnk+8rn(kn—r—(n—l)/2). g 16n ) 

, • 8nfe+4n(fcn-r-(n-l)/2)-2n •/ 16nfc+8n(fcn-r-(n-l)/2) 8n. „16n\ 

' q jyq q > q j 

Again under the even assumption, we use (ll.2ap and simplify to rewrite this sum as 

(_l)W+<^-(-i)^ (6.13) 
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Inserting (16. 12ft and ( 16. 13ft into ( 16. 10ft . we obtain 

^_^(A;n-r-(n-l)/2)/2^-l-r^2fcn(2n+4)-n(2n+3)-2r(2n+4)+4n(2n+4)(2)-4r 2 
(? -16n( fc+(fcn - r - 2 (n - 1)/2)/2 )+4n(A:-l+(fcn-r-(n-l)/2)/2) 

^ n ^4n(2n+4) 

'1 A\ T J- If n n -4nk+4r+2n-2n(kn-r-(n-l)/2) j \ 

L — I) J&n,16n + KnVoQ J8n,16nf- 

Simplifying and collecting terms produces the desired result. □ 
6.2. Functional equations and poles for R 2 (y,q). 

Definition 6.11. Let n and p be positive integers with (n,p) = 1, y G C* be generic, 
and x be such that x p = ^iy+i q knp(2n+ P )+n(n P +(^))-r P (2n+ P ) for gome fc>r e z with 

< r < n — 1. Then 

R 2 ( v a ) ■= f_i^+V p(2n+p) ( ^ )-?»- 2 . ^ j (R 14) 

1L n, P \y^j ■ \ L ) y ykn+n-r p j (x n /y n \ qM^+p) ) ' 

Proposition 6.12. Let n, y ; and xq be as in Definition ^. 11[ Then 

lim (x - x )M„ iP (x, y, q) = R\ 2 (y, q). 

x—>-xo 

Proof. This follows from the definition of M nyP (x,y,q) and Proposition 11.51 □ 
Proposition 6.13. Let n, p, y, and Xq be as in Definition ^. 11\ Then 

Rl P (q p(2n+p) y,q) = ^))(- y )»(- So )-Wj^(y ig ). 
Proof. This follows fll.2a[) and using the value of x p from Definition 16.111 □ 

Proposition 6.14. Let ( n be an n-th root of unity and let y, Xq, k, and r be as in 

Definition \ b.ll\ R^ p (y,q) is meromorphic for y ^ and has at most simple poles at 
points yo, where yo satisfies the following condition: 

I- Vo = CnX q tp{2n+p) . 
The respective residue at such a y at t = is given by 

I- (-l)^^? 1 *^^^^; q n )/(npq pr2 4 p{2n+p) ). 

Given the residue at t = 0, one can use the functional equation of Proposition \ b\l'A to 
compute the residue for general t e Z. 

Proof. This follows from the Definition 16.111 and Proposition 11.41 □ 
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Corollary 6.15. Define v := kn — r + (n + l)/2. For p = 2, 3, and 4 the values of the 
residues in Proposition \6'.14\ at t = can be written, 

2) (-l)Xr^ 4(n+1)( ^ 1) ^ (n2 - 4n - 3) ^,4„/(2nJi (n+1) ), 

3) (-ir +i cr^ +l (i - w)g -^)(v)-!(» a -*-») j 3 „/(3nj| n(2n+3) ), 

i( 2 -*)/'_1^(v+ 1 )/ 2 +*/-l+r , 1S / 

/A ° V ^ -2(2n+4)(" 1 )-n 2 +n+3 ( /-> -\ r , • 2-(2n+4)w jr 



. T3 i \ v j"tn,ion i ""^ui ^8n,16n 

4n °'4n(2n+4) V 

where u 2 + u; + 1 = 0, i 2 = —1, and 5 := {(v — l)/2} < {a} < 1 denoting the 
fractional part of a. 

Proof. We prove the p = 2 case. Using Proposition ^. 14l and the value of x\ from Definition 
EH yields 

(-l) fc Cn + Y n(n+1)(T ^ (6.15) 

We rewrite j{q 2r Xo, q n ). Using (11.2fj) with m = 2 yields 

jV^o, <f ) = i(-g n+4r ^; g 4n ) - q 2r x o3 (-q Sn+4r xl- q 4n ). (6-16) 
We take the first theta function of the right-hand side of (I6.16P and substitute for x^, 

j( _ q n+4r XQ- q 4n ) = j(g 4n ( fc ( n + 1 )-' r )+ 2n2 + 4n - g 4n ) = j^4n(fc(n+l)-r+(n+l)/2)^2n. ^4n^ 

- /_lUM«+l)-f+(n+l)/2) /I -4«(' i(n+1) " r : , +( " +1>/2 )-2n(fcKl)-r+Kl)/2) t 

— ^ L ) q J 2n,4ni 

by (ll.2ap . Taking the second theta function of the right-hand side of f !6 . 16f) and substi- 
tuting for Xq produces 

j(—q 3n + 4r x 2- g 4n ) = j^4n(fc(n+l)-r+(n+3)/2). ^4n^ _ g 

Inserting these into ( 16. 15ft produces the desired result. 
We prove p = 3 case. From Definition I6.11[ we have 

Xq = g 3 M 2n + 3 )+ 3n ( n + 2 )- 3r ( 2n + 3 ) ( Qr Xq _ U qkn(2n+3)+n(n+2)-r(2n+3)^ 

where u 2 + u + 1 = 0. (The pole with a; = 1 is easily seen to be removable in M nj3 (x, y, q) 
and O n ,3(x, y, <?))■ When we identify the corresponding pole of Q n ,3(x, y, q), the pole must 
involve the same primitive third root of unity. Specializing Proposition 16.141 to p = 3 and 
substituting for xo yields 

(_l)*+i C i+^ 2 g M 2 ^ 

(6.18) 

We rewrite the theta function in the numerator. Substituting for xq, 

j(q 3r x -q n ) = 3(coq n ^ 2n+ ^ +n+2 - 2r ^,q n ) 

= ( _ l)fc ( 2n+ 3) + n + 2-2r ? -r l ( fc ( 2 «+ 3 )r +2 - 2 1 w -(M 2 n + 3) + n + 2-2r) i(a;;? n ) _ (by ([Q^ 

We note that q n ) = (1 — u)J 3n , insert everything back into (I6.18p and simplify. 
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We prove the p = 4 case. From Definition I6.11[ we have 

x 4 _g4fcn(2n+4)+n(4n+10)-4r(2n+4) ^ % 2 __ ^2fcn(2n+4)+n(2n+5)-2r(2n+4) J 

where z 2 = —1. When we identify the corresponding pole of Q n ,4(x,y,q), the pole must 
involve the same primitive fourth root of unity. Specializing Proposition 16.141 to p = 4 
and substituting for x yields 

{-l) k+ HC +r q M2n+ ^ l ) +2 ^^ (6.20) 
To rewrite j(q 4r xo, q n ), we argue as in the proof of Corollary 16.101 The result follows. □ 
6.3. Functional equations, zeros, and poles for (y,q). 

Definition 6.16. Let nGN with (n,2) = ljGC generic, and ( n ^ 1 an n-th root of 
unity. Then 

rpl / y= V'hnM J4(n + l),8(n + l) j(C \ <TKrtf\ ? 4( " +1) ) j (g^/gA g 8( " +1) ) (g 

Definition 6.17. Let jigN with (n, 3) = 1, y G C* generic, and £ n 7^ 1 an n-th root of 
unity. Also, define 5 := {{n — l)/2} and f5 :— 8 • (2n + 3), with < {a} < 1 denoting the 
fractional part of a. Then 



7 1 



A Jy,q) := g ™( 4 " ( " 2 " 3)/2 ) + («+3) (<5-(n-3)/2) (i+(n+l)/2) +n( 4+ (' l + 1 '/ 2 )-3n^_^^-(n-3)/2 



V) n j2 re+3j 3 n(2n+3)J - (? 3(n + 3)/2 + 3^ C 3 2/ 3 ) g 3(2n + 3) ) 

j^7(n+l)/2+4+3/3^2^3 5 ? 7(n+l)/2+4+3j8^3. ? 3(2n+3)^ 

- q n+3+2 ^ny 2 j(q 11(n+1)/2+5+w Cy 3 , g 11(n+1)/2+5+3/3 Cn2/ 3 ; g 3(2n+3) )|. (6.22 



Definition 6.18. Let nGN with (n, 2) = 1, y G C* be generic, and ( n ^ 1 an n-th root 
of unity. Define 

Cn (n ^ )/2 y 3 q- {n2+n - 3) j(Cn^q 4{2n+A) ) 



TUy.q): 

' ^4n,16n 



nJ! n(W) 3(-q 2n+S Qy*; g4(2n + 4) )j( _ g 2n + 8 y 4. g 4(2n + 4)) 

j( g en+16 ( 2 y 4 ; q 4i2n+4) )3(q n+ Xny 2 ; q 2{2n+A) )j{-q 2{2n+A) Cn\ g 4(2w+4) : 

^2(2n+4)^8(2n+4) 

{j(-q 2n+8 cy; s 4(2n+4) )jV (2n+4) C 2 ; g 4(2 " +4 V 4 V + 4) 

g n+4 C 2 y 2 j(-? 6n+16 C 2 y 4 ; ^"^jV^C 1 , -C 1 ; <? 4(2n+4) ) 2 



+ 



- qJi 



j(q 2n+s Cy; q 4{2n+4) )j(q 3n+s Cny 2 ; ^^(-C 1 ; g 4(2n+4) ) 



8ra,16n ' 7-2 



^2(2n+4) 
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. g » +l^_ g 2»+8^4 j g 4(2n + 4) )j(g 4n + 8 C -2. g 4(2n+4) ) 

ljJi(2n+A) 

qCnyj(-q 6n+16 Cy'; g 4(2n+4) )jV (2n+4) C 2 ; g 8(2n+4) ^ 2 



+ 7 f • (6-23) 

^8(2n+4) J J 

Lemma 6.19. For p = 2 (resp. 3,4j, /e£ n, y, and ( n be as in Definition \ 6.16i (resp. 



6Hjl6JE). Then 



lim (x - y( n )G niP (x, y, q) = (y, q). 

Proof. This is just an application of Proposition 11.41 □ 
Remark. For reference we include the simplified versions of n ,3(^, q, z) for n even 

_ y n/2-l J 3n J H2n+3) j(y/ X] g 3(2n + 3) )j(g 3n/2 + 3 X; g 3n/2 +3j/ . g 2n +3) 

Vn,3\ x ,y, Q.) ■ qn(3n+2)/4 x n/2j2 (yU j x n.^ g3n(2n+3)) j(g9n/2+9 x 3 ; g9n/2+9y3- g3(2ri+3)) 

. | -(^/a+e^ g 3(2n+3) ) _ £ n/JJ+S^ g "/2+3 x?/ 2. g 3(2n+3) ) \ 

I XT/ J 

and for n odd 

? -(n(3n+2)-9)/4 J 3(2n+3) g 3(2n+3) ) ^ (g (n+3)/2 Xj g (n+3)/2 y . g 2n+3) 



0n,3(a5,y,g) := 



Jln+3j(y n /x n ; g 3 ™( 2 "+ 3 ))j(g 3(n+3)/2 X 3 , g3(n+3)/2 y 3. g 3(2n+3)> 
. y (n + l)/2 ;E -(n-3)/2| j(g 7(n + l)/2 + 4 a; 2 2/) g 3(2n+3) ) 

- g" +3 xiyj(g u(n+1)/2+5 ^2/, g 11(n+1)/2+ W; g 3{2n+3) } 

Lemma 6.20. For p = 2 (Vesp. 3, 4j ; Ze£ n, y, and ( n be as in Definition \6.16\ (resp. 



^(g p(2n+p) y, g) = y~ 2p C p q np - {p ' 1)pi2n+p) TUy^)- 

Proof This is just repeated application of (11.2aj) . □ 
Lemma 6.21. For p = 2 (resp. 3,4), let n, y, and ( n be as in Definition \6.16\ (resp. 



6H\[6J%) . Then 

T n 1 iP (±C 1/2 g ((2fc+1)n+fep)/2 ,g)=0. 

Proof We first note that because (n,p) = 1, the denominator of T*(y, q) does not vanish. 
We prove the p = 2 case. It suffices to consider two terms in the numerator of T^ 2 (y, q). 
For k odd, we have 

j(q n+2 ( n y 2 ; g 4 ( n+1 )) = jf q n+2+(2k+l)n+k2. ? 4(n+l)\ = j f q 2(k+l)(n+X) . g 4(n+l)\ _ q ? 

and for k even, we have 

j(q 2n /CVj g 8(n+1) ) = j(g2n-2((2fc+l)n+2fc). ? 8(n+l)) = ^ ? -4fc(n+l). ? 8(n+l)) = q 
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We prove the p = 3 case with n even because the equations are more compact. The 
proof for the n odd case is similar. Without loss of generality we prove the "+" sign 
case. We focus on the two products inside the braces of (16 .22 j) and show that their sum 
is zero. We unwind all four theta functions with (11.2aj) and pull out the common factor 
_q,-2n-6^-2^-4 to obtain 

j(q 5n/2+6 <y, q 5n/2+6 ( n y 3 ; q 3(2n+3) ) ~ f- 2 3^ l2+ \lv\ q^CnV^ q 3{2n+3) ) 

— j(g 5n / 2+6+3 K 2fc+1 ) n+3fc ]/ 2 ^ 1 / 2 gW2+6+3[(2fc+l)n+3fc]/2^- 1/2. ^3(2n+3)-j 

_ ^-2fcn-3fcj^n/2+3+3[(2fc+l)n+3fc]/2£l/2 ^n/2+3+3[(2fc+l)n+3fc]/2^--l/2. ^3(2n+3)^ 

where the equality follows from substituting for y. We rewrite each term of the second 
product to make the second product look like the first product. Working with the first 
term of the second product, 

j/q n/2+3+3[(2fc+l)n+3fc]/2£l/2. ^3(2n+3)^ __ ■ / Hn/2+6-3[(2fc+l)n+3*]/2£-l/2. ^3(2n+3)^ 
= j(g _3fc ( 2n+3 ) +5n / 2+6+3 [( 2fc+1 ) n+3fc ]/ 2 ^'~ 1 / 2 - g 3 ( 2n + 3 )) 

_ ^_^fe^-3(2n+3)( fc + 1 )^fc(5n/2+6+3[(2A:+l)rt+3fc]/2)^-fc/2^^5n/2+6+3[(2fc+l)n+3fc]/2^-l/2. ^3(2n+3)^ 

where the first equality follows from (ll.2bj) . the second equality is just a rearrangement, 
and the third equality follows from fll.2a[) and simplifying. Examining the second term of 
the second product and arguing as above, 

j^n/2+3+3[(2fc+l)n+3fc]/2£-l/2. ^3(2n+3)^ 

_ ^_^fc^-3(2n+3)( fc + 1 )^fc(5n/2+6+3[(2fc+l)n+3fc]/2)^fc/2^^5n/2+6+3[(2fe+l)n+3fc]/2^1/2. ^3(2n+3)-j 

and the result follows. 

We prove the p = 4 case. It suffices to show that for y = ±^ 1 ^ 2 q(( 2k + 1 ) n + kA )/ 2 ^ that 

j(q 6n+W Cy-, q 4(2n+i) mq n+ \ n y 2 ; q 2(2n+4) ) 

= j(q 2n+8 C 2 n y 4 ; q 4{2n+4) )j(q 3n+8 Cny 2 ; g 2(2n+4) ) = 0. 

We show the first product of theta functions is equal to zero; the second product is similar. 
We have 

j(q 6n+w Cy; g 4(2n+4) )j(<f +4 sV; <? 2(2 " +4) ) 

_ J ^(fc+2)2(2n+4). ? 4(2n+4)x •/ (fc+l)(2n+4). ? 2(2n+4)\ = 

where the last equality follows from the fact that when k is even that the first theta 
function is zero, and that when k is odd that the second theta function is zero. □ 
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Lemma 6.22. Let n and ( n be as in Definition \6.16l T^ 2 {y, q) is meromorphic for y ^ 
and has simple poles at points y , where y Q satisfies one of the following two conditions: 

I- Vl = -CnV e(n+1) - n ' 2 , 
II. yl = _^(n + l)-n-2 ; 

where I G Z. The respective residue at such a yo is given by, 

i. {-iy + \; 2+ ^- 1)/2 q^^^ 

ii. (-i^^-^v^ 

Proof. The first part follows from Definition 16.161 We prove the residue for poles of type 
I. The proof of the residue for poles of type II is similar. We take such a y$ and use 
Proposition 11.41 to obtain 

hm (y - y )T nj2 (y, q) = (w _ 5)/2 j 3 j 3 

jiC 1 ; g i{n+1) )j(q n+2 Cny 2 o; q 4{n+1) )j(q 2n /C 2 y 4 ; g 8(n+1) ) (6 24) 

j{-q^yhq^ +l) ) ' 

We rewrite the quotient of theta functions in the second line of (16.24)) . For the first 
numerator term, 

jXC 1 ; g 4(n+1) ) = j(g 4(n+1) Cn; g 4(n+1) ) = -Q'jiL; <? 4(n+1) ). (by (OD, 

Substituting for y\ and using ( 11.2a)) . the second term in the numerator can be written 

J{q n+ \ n ylq^ +l) ) = j(-CV e{n+l) ;q 4{n+1) ) = (-ljV^G) q^) 

= Ct 1 q- i(n+1) ^j(-Cn;q 4{n+1) ). 
Again using ( II .2aj) . the third term in the numerator becomes 

3(q 2n /Cy ; q S(n+1) ) = j(Cq- Se{n+1)+4{n+1) ; q 8{n+1) ) 

= ( _ lfeg -4( n+ l)^. (c 2 g 4(n + l). g 8(n + l) ) _ 

Also using (ll.2ap . the term in the denominator can be written 

j(-q n+2 y 2 ,q 4{n+1) ) = 3(Q 2 q 4e(n+1) ;q 4{n+1) ) = (-l)^"* 1 '® (CVi(C 2 ; Q^) 

= ( -i)^- 1) ?- 4(n+1) ^j(C;g 4(n+1) ). 

Furthermore, we can use elementary theta function properties to show 

j(Cn, g 4(w+1) )j(-Cn; g 4( " +1) )j(Cg 4(n+1) ; <? 8(n+1) ) Q 8{n+1) )j(C 2 g 4(n+1) ; g Kn+l) )Jl (n+l) 
j(Q;q 4{n+1) ) j(Q;q^ n+1) )J 8 (n + i) 

= Ji(n+l)Js{n+l) = ^4(n+l)/^4( ra+l),8(ri+l) • 
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Substituting the four rewritten theta functions into (16. 24ft and simplifying produces the 
desired result. □ 

Lemma 6.23. Let n and ( n be as in Definition \6.17\ T^ 3 (y, q) is meromorphic for y ^ 
and has simple poles at points y , where y satisfies one of the following two conditions: 

I. yl = C -3 g 3r(2n+3)-3(n + 3)/2 ^ ^ = ^-If (2n+3)-(n+3)/2 ) 
II. yl = g 3r(2n + 3)-3(n+3)/2 ^ ^ = ^ ( 2 n + 3)-(n+3)/ 2) ? 

where u 3 = 1 with u ^ 1 and where £*:=£ — {(n — l)/2} witt f G Z and < {x} < 1 
denoting the fractional part of x. (The poles where u> = 1 are easily seen to be removable.) 
The respective residue at such a yo is given by 

I. (_l)n C2+ r-(n-l)/ 2a; l- 2 r (1 _ w)g -2(2n + 3)r- 1 )-I(n-3) (n+ l) J 3 J ( 3n jf n(2n+3) ) , 

II. (_i)«+i^-(-i)/V-^(l - uj) q -^<;>\^)^) J 3n /(3nJl n{2n+3) ). 

Proof of Lemma \6. 23[ We prove the n even case because the equations involved are more 
compact. The n odd case is similar. The first part follows from Definition 16.171 When 
we consider the corresponding pole for i?^ 3 (?/,g), we must choose the same third root of 
unity. We prove the residue for poles of type I. The proof for poles of type II is similar. 
Using Proposition 11.41 and (11.2aj) yields 

< l^+V 1 -™/ 2 ., „3(2n+3)(^)-ri(3n+2)/4 j j 

{— 1J C,n Voq K2 > - / 3n-'3(2n+3) 



lim (y- y )Tl 3 (y , q) _ 

"^ 1/0 °' t J 3(2n+3) J 3n(2n+3) J 2n+3 

J(C -1. g 3(2n + 3) )j(g 3n/2 + 3 Cn2/0; ^n/2+3^. g 2n+3 



j(^q9n/2+9y3. g3(2n+3) N 



(6.25) 



j(q 5n/2+6 C 2 n yl q 5n/2+e C n y 3 ; g 3(2 " +3) ) - ^j(g n/2+3 C 2 yl q n/2+ \ n yh ? 3(2n+3) : 

Substituting in for yo, the first line of (I6.25P can be written 

(_l)^ la;Cr / 2g 3( 2 n + 3)(^ + ,( 2 n + 3)-3n/ 2 -3 . J^^Sn^ {Q 2Q) 

We rewrite the quotient of theta functions in the second line of (16.251) . The first theta 
function in the numerator becomes 

j(C l. g 3(2n +3)) = j(g 3(2n + 3) Cn . g 3(2n + 3) ) = ^+3)) _ 

Substituting for y , the second theta function in the numerator can be written 

M'' ' 2 - \ ! ,!lu. q 2n+3 ) = J>^ (2n+3) ; q 2n+ ') = (-1) q 2n+3 ) (by «) 

= (-1)^(1 -u)q-^ + ^)j 3{2n+3) . 
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Using ( ]1.2aj) . the third theta function in the numerator can be written 

j(q 3n/2+3 y ;q 2n+3 ) = jHnV (2n+3) ;q 2n+3 ) = (-i) £ 9- (2n+3) (^(^C 1 )^'K„- 1 ;g 2n+3 ) 
= (-iY + W-'CY i2n+3 ^h^ 2 Cn; q 2n+3 ). 

Again using (ll.2ap . the theta function in the denominator becomes 

j(q 9n/2+ Vo;q 3{2n+3) ) = j(C-V £{2n+3) ;q 3{2n+3) ) = g" 8 ^® (-^ViCC 8 ; 

Assembling the pieces, the second line of ( I6.25P can thus be written 

(-1)*V-*(1 - c)Cr^ (2 " +3) (^3( 2 n + 3)j(Cn; q^^Cn, q^)- 

(6.27) 

We rewrite the expression in braces from (I6.25p . The first theta function of the first 
product becomes 

j^ W2+6 C 2 y V (2n+3) ) = j(tff<w-<w^*«*>) 

= (-ijV^^^g-^)^^ 1 ?-^; ? 3(2n+3) ) (by «) 

= (_l^+l^-lg-3(2n+3)(*) + (^-l)(2n+3)^^^2n+3. q 3{2n+3)y 

The arguments for the other three theta functions are similar. We have 

j(q 5n/2+6 ( n y 3 ; g 3(2n+3) ) = (-l)^lC2(^l)g- 3 ( 2 ™+ 3 )(2)+(^l)(2-+3) j(C 2 g 2n + 3. g 3(2n+3) )) 
jiq^Cyl; q 3(2n+3) ) = (-l)^ 1 ^- 1 g- 3 ( 2 ™+ 3 )(2)+2(^l)(2n+3) j(Cng 2(2n + 3). g 3(2n+3) )) 
j(q n / 2+3 ( n y^- g 3 ( 2 ™+ 3 )) = (_ 1 ^+1^2(f-l)^-3(2n+3)(^)+2(^-l)(2n+3)^^2^2(2n+3). ? 3(2n+3)-j_ 

Noting that q n /{( n yo) = uj( n q n - 2e ( 2n+3 ) +3n+e = co>£ n g~ 2 ^ _1 )( 2n+3 ), the braced expression 
becomes 

£3(*-l) 9 -6(2n+3)(^) +2(^-1) (2n+3) . (j(( n q 2n+3 , ( 2 g 2n+3 ; g 3 ( 2n + 3 )) 

-o;Cnj(Cng 2{2n+3) ,C 2 g 2(2n+3) ;g 3{2n+3) : 



Using Proposition 11.61 with the substitutions uj = u 2 , q = q 2n+3 : and y = ( n q 2n+3 , we 
obtain 



... A(f „2(2n+3) /■ „2n+3. „3(2n+3)> 

^■3(£-l) g -6(2n+3)(^)+2(^-l)(2n+3)^/ ^. g 2n+3\ JKSnQ ■ l ~.n<l ■ 'I 



•^3(2n+3) 



(6.28) 
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Putting (EZSD, (E2ZD, and (1FT28I) together yields 



C -sw-»/V-i(l - w) g-<*H^-^)-i» a j 3; 

,y-yo)Tl 3 (y,q) = — -2 = ^ 

°' i J 3(2n+3) J 3n(2n+3) J 2n+3 



>3n 



2n+3\ 



j(C„W (2 " +3) ) 

Using identities ( 11.2dl) and Q1.2gD , the above second line becomes ^ 2 ( 2n+ 3)^2n+3> an d the 
result follows. □ 

Lemma 6.24. Let n and ( n be as in Definition \6.18[ T^ A (y, q) is meromorphic for y ^ 
and has simple poles at points yo, where yo satisfies one of the following two conditions: 

I- Ho = -QY^-^ (ory 2 = 

II. y* = _^(2„+4)-(2„+8) ^ y 2 = 2g 2£(2n + 4)-(n+4) } ? 

where I G Z and z 2 = —1. TTie respective residue at such a yo is given by 



t -l-£^-2-(n-l)/2 -2(2n+4)( f ~ 1 )-n 2 +n+3 



;i-0^4n,16„ + <„l/0g 2 -' (2n+4) ^ 



8n,16n 



^ n ^4n(2n+4) 



8n,16n 



TT ,-l-V-f+l-(n-l)/2^-2(2n+4)f^ 1 )-n 2 +n+3 I 1 ~ 0^4n,16n + WoQ 2 £(2n+4) J; 

^ 5 4n/ 3 

^ ,i,7 4n(2n+4) 

Proof. The first part follows from Definition 16. 181 When we identify the corresponding 
pole of i2* 4 (y, q) in Corollary I6.10[ the pole must involve the same primitive fourth root 
of unity. We prove the residue for poles of type I. The proof of the residue for poles of 
type II is similar. We take such a yo and use Proposition 11.41 to obtain 

( lU+V _(n_5)/2 7/ 4 « 4 ( 2n+4 )(2)-( n2+n - 3 )i('^-l- „4(2n+4)N 

lim (y - y )T nA (y, q) = ^ j3 ( _ 2n+8 4 4(2ra+4)) 

y V0 ^' iJ 4n(2n+4) J 4(2n+4)-A H i/O'V ) 

j(q 6n+16 C 2 n y^ q 4(2n+4) )j(q n+ Xny 2 ; q 2{2n+A) )3(-q 2{2n+i) C l ; ? 4(2n+4) ) 



J 



4n,16n * j-3 j 

J 2(2n+4) J 8(2n+4) 



+ 



j(-s 2n+8 C 2 2/ 4 ; g 4{2n+4) )j(? 2(2n+4) C 2 ; g 4(2n+4 V 4 2 (2n + 4) 
q n+4 ( 2 y 2 j(-q 6n+16 ( 2 y 4 ; q A{2n+4) )j(q 4n+8 (^ ^^'(-C 1 ; ? 4{2n+4) ) 2 



^4(2n+4) 

| ,Y^2n+8^2„4. „4(2rc+4) U 



j(g 2n+8 C 2 y 4 ; g 4(2 " +4) )j(g 3n+8 Cni/o 2 ; g 2(2w+4) )j(-C x ; g 4(2n+4) ) 

~ qVo J Sn,16n ' p. 

^2(2n+4) 

q n+1 j(-q 2n+8 Cy 4 ; g 4(2 " +4) )j(g 4n+8 C 2 ; g 4(2 " +4) )^ ( 2n + 4) 

^4(2n+4) 
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, gCnyl3{-g Qn+l %lyh g 4(2w+4) )j(g 4(2ra+4) C 2 ; g 8(2w+4) ) 2 \ 1 ^ (62g) 

</8(2n+4) J - 

We rewrite the above residue line by line. We focus on the first line of (I6.29p . Using 

(OH), 

J(cl . g4(2rl+4)) = _ clJ(cm . g4(2n+4)) _ 

Substituting for y 4 , using fll.2a[) and simplifying, we obtain 

j(-q 2n+ V ; g 4(2n+4) ) = (-i) 1 «£ t - 1 ^ M) ®X& s 4(2n+4) )- 

Hence the first line can be rewritten 

C -4l + l-(n-l)/ 2g ( 2 . + 4)^^-3.- 5(7 . (Cri . ^(^))/4nJ 4 3 n(2n+4) J| (2n+4)J (C 4 ; / {2n+4) ). (6.30) 

We work on the second line of f l6.29[) . Substituting for y 4 or y\ and using f |1.2aj) yields 

j(<? 6n+16 C 2 2/ 4 ; ? 4(2n+4) ) = Cq~ 2eH2n+4) j(-q 2(2n+4) C q A{2n+ % 
j{q n+ X n yl q 2{M) ) = C-irV^-V^^jHCn; ? 2(2n+4) ), 

J( _ g 2( 2 n + 4) C -1. ? 4(2n+4) ) = j^q^). g 4( 2 n +4)) _ 

Hence the second line can be rewritten 

(-l^+V-^se-i j^(-iC; g 2 ( 2n+4 ))j(-Cng 2(2n+4) , -g 2(2n+4) C 2 ; g 4(2n+4) ) 



? (^)(^-^)j| (2n+4) j 8(2n+4) 



(6.31) 



We focus on the sum of the third and fourth lines of (I6.29p . Substituting for and using 

(OH), 

(-i)' +1 C 2 ^ 2 ^ 4(2n+4)( ^J'(? 2(2n+4) C 2 ;g 4(2n+4) ) (6.32) 

Cn, Cn> 
^4( 2 n+4) 



•{j(c 2 ; ^ +4 V4V + 4) - ^' (g2(2n+4)c r c - ;g4(2n+4))2 y 



Using p.2gp and then fll.2d[) . we have 

j(C 2 ; g 4(2n+4) ) = j(Cn, -Cn; g 2(2n+4) ) ■ J^/Jl^ 

= j(Cn, Cng 2(2 " +4) , -Cn, ~ Cnq^ g 4 ( 2n + 4 ) ) / j|( 2n+4 ) ■ 

Hence the above expression in braces in ( I6.32p becomes 

j(g2(2n+4) ^~ C " ;g4(2W+4)) • |j(Cn, -Cng 2(2n+4) ; g 4(2n+4) ) - uV (2n+4) Cn, -Cn; q ^)\. 

^4( 2 n+4) } 

Using ( 11.4bp with the substitutions, x = i, y = q = q 2( - 2n+4: \ we have that 
j(Cn;g 4(2n+4) )j(-Cng 2(2 " +4) ; <? 4{2ri+4) ) - ^ 2(2n+4) Cn; g 4 ^ +4) )j(-Cn; g 4(2n+4) ) 

= <? 2(2n+4) )j«n; g 2(2n+4) ) = j(i( n ; q 2 ^)(l - i) J 2(2n+4) J 8 ( 2n+4 )/J 4(2 „ +4 ). 
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Thus the sum of the third and fourth lines can be written 

(\ -n\ . I 1 ^+V2l-2 -4(2n+4)(f) ^2(2n+4) ^8(2n+4) 



C O 

S>n y t2 



l7 4(2n+4) 



• j(? 2(2n+4) Cn, -Cn, g 2(2n+4) C 2 ; g 4(2n+4) )j«n; g 2(2n+4) ). (6.33) 

We proceed to the fifth line of ( IT29D . We note that y^ 1 = y Q -y^ 2 = -iC 2 y q- 2ei2n+4)+(n+4) . 
Substituting for t/q, using ( ]1.2a|) . and simplifying, we obtain 



j(q 3n+8 (ny 2 ; q 2{2n+4) ) = (-i)^g-^ +4 ^-^ 2n+4 ; q 2(2n+4) ), 

Hence the fifth line can be rewritten 

(-^^^^r^og^-^^-^^jX-C 2 , -C»; g 4(2n+4) )j(-<ng 2ra+4 ; g 2(2n+4) ). (6.34) 

^2(2n+4) 

We rewrite the sum of the sixth and seventh lines of (I6.29p . Substituting for y$ and ?/q, 
using (11.2aj) and simplifying, we obtain 

( _ 1) £ + l c 2(^l) g -4(2n + 4)(^) + n+l j(c 2 g 2(2n + 4). g 4(2n + 4) ) ( g 35) 

• {j(C 2 ; g 4(2 " +4 V8(2n + 4)/J4(2n + 4) " Kn^j (C? 4 ^ 5 ) 7^+4) } • 

Using flL2dj) yields 

•/A2. 4(2n+4)\ _ Y/-2. 8(2n+4)\ v/2 4(2n+4). 8(2n+4)\ t / t2 

thus the expression in braces in (I6.35j) becomes 

j(C 2 g 4(2n+4) ; g 8(2 " +4) )-{j(C 2 ; q ^) - i C n q- 2n ~ 4 j(Cq 4{2n+4) ; g 8(2n+4) )}M ( 2n+4) 

= j(C 2 <? 4(2n+4) ; g 8(2n+4) ) • M n q~ {2n+4) ; q 2{2n+4) ) / 

— —KnQ 3\^ n q >9 ) ■ 3\Kn,q ,q J/-'8(2n+4), 

where the first equality follows from (ll.2fj) with m = 2, and the second equality follows 
from (ll.2aj) . Hence the sum of the sixth and seventh lines can be written 

(_iy,-A2^-l„-4(2n+4)(*)-ri-3 

( } Kn T q j(C 2 g 2(2n+4) ; g 4(2n+4) )j(C 2 g 4(2n+4) ; q K2n+4) WU 2n+4 ; q 2{2n+4) )- 

o'8(2n+4) 

(6.36) 
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Combining dOOl) . (IOTP . ( 1Q31) . flBTMjl . and (lQ6l) . we have 

£-4£+l-(ra-l)/2^( 2n +4)4£2_ n 2_ 3n _ 5 ^£ . ^4(2n+4)\ 

-Ojl+g-^g-l J 4nl6nj( _ g 2( 2 n + 4) C 2. g 4(2n + 4) )j( _ <n . g 2(2n + 4) ) J (_ Cng 2(2n + 4) . g 4(2n + 4) ) 

g (2„ + 4)(3^-,) J 3 2n+4)j8(2n+4) 

. (1 . ( -Ql+1^2l-2 g -4(2n+4)(:Q ^2(2n+4) ^8(2n+4) 

^4(2n+4) 

• j(? 2{2n+4) Cn, -Cn, g 2(2 " +4) C 2 ; g 4(2n+4) )j«n; g 2(2n+4) ) 

+ (-i)^-'C* " W^ 3 *-** 5 ■ -|^'(-C 2 , -C«; g 4(2 " +4) )j(-<^ 2n+4 ; s 2(2n+4) ) 

J 2(2n+4) 

• 4(2n+ ( ~^" 1 j(C 2 g 2(2n+4) ;^ 4(2n+4) )j(C 2 g 4(2n+4) ; g 8(2 " +4) )j«ng 2n+4 ; g 2{2n+4) )~ . 

q >\2) J 8 (2n+4) 

Collecting terms and simplifying using (ll.2dj) and fll.2gp produces the desired result. □ 



6.4. Functional equations and poles for T% (y,q). 

Definition 6.25. Let n G N with (n, 2) = 1, ?/ G C* generic, and xo such that X 2 , = 

_ g 4^(n+l)-n-2 for gome £ g Z> Then 

2g(« 2 -3)/ 2 xr 5 )/ 2 ' Jf (n+1) 
jfo/gp, g ra+2 x ?/; g 4 ^ +1 >)j(g 2 Vx 2 ?/ 2 ; g 8 (" +1 )) 
j(y n /xo] q in i n + l ))j(-q n + 2 y 2 - g 4 (™+ 1 )) 

Definition 6.26. Let n G N with (n,3) = 1, y G C* generic, and xo such that Xq — 
g 3£(2n+3)-3(n+3)/2- 3 /3 for some £ e z _ AlsQ; define £ . = _ ^3} and /3 := 5 • (2n + 3), 

with < {a} < 1 denoting the fractional part of a. Then 



T, 



(y q) := q n( S - {n 2 3)/2 ) + (n+-i){s-(n-3)/2) («+(n+l)/a) +n(* +( " 2 +1)/2 )-3n(_ Xo ^-(n-3)/2 

(-l)^+ 1 g 3 ( 2w+3 )(2)x (-y)^+("+ 1 )/ 2 J 3n j(y/X ; g3(2n+3) )j(g (n+3)/2+/3 X0; g (n+3)/2+/3 y ■ g 2n+3) 
3 ^W^/* g 3n(2n + 3) )j(g 3(n + 3)/2 + 3 V . g 3(2n +3)) 

| j(? 7(n+l)/2 + 4+3^2 y) ^(n+D/2+4+3^2. g 3(2n +3)) ( g 37) 

- g" +3+2/3 x 2/j(? 11{n+1)/2+5+3/3 ^ ; g 11(n+1)/2+5+3/3 x y 2 ; g 3 ( 2 ™+ 3 ))}. 
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Definition 6.27. Let n G N with (n,2) = 1, y £ C* generic, and xq such that Xq = 

_ g 4^(2n+4M2n+8) for gome £ £ ^ Then 
1 nA\Vi Q) • — 



4J 4 3 (2n+4) j(z/ n /^o; g 4 «( 2 «+ 4 ))j(-g 2n+8 2/ 4 ; g 4 < 2n+4 )) 

^ q 6n + W x 2 y 2. q 4(2n+4)y( q n+4 Xoy . g 2(2n+4) )j (_ q 2{2n+i) y / Xq , g 4(2n+4)> 



4n,16n ^3 ^ 

J 2(2n+4) J 8(2n+4) 



+ 



jX-<? 2n+ W; g 4(2n+4) )j(g 2(2n+ V /4 g 4(2n+4 V 4 2 (2n + 4) 

q n+* x 2 oj (_ q 6n+16 x 2 y 2. ^n+^j ( q 4n+8 y / Xq . q 4(2n+4^2^_ y ^ Xq . g 4(2n+4))2 



- qJi 



8n,16n 



<^4(2n+4) 

j(q 2n+8 x 2 y 2 ; q^ 2n+ ^)j(q 3n+8 x y; q 2(2n+4) )j(-y/x ; q^ 2n+ ^) 



J 2 



- q n+1 j(-q 2n+s x 2 y 2 ; q W) )j{q ^s y 2 /x 2. g^+^j^^ 

yJA(2n+4) 

qx oJ (-q^x 2 y 2 ; q^^)j(q^+% 2 /x 2 ; q^)f } 1 

^8(2n+4) J J 

Lemma 6.28. For p = 2 (Vesp. 3,4), let n, y, and x be as Definition ^. 25\ (resp. \6.26\ 



+ 



T2l\) . Then 

lim (x - x )Q n:P (x,y,q) = T 2 (y,q). 

Proof. This follows from Proposition 11.41 The n even and n odd specializations of 
Q n ,3(x, y, q) can be found in Section 16.31 □ 

Lemma 6.29. For p = 2 (resp. 3,4), let n, y, and Xq be as Defnition \6. 25\ (resp. 1 6. 2b\ 
TJ%. Then 



Tl p {q^ 2n+ ^y,q) = q n ^< P t 1 )\-y) n (-x )-^Tl p (y,q). 

Proof. This is just repeated application of (11.2aj) . □ 

Lemma 6.30. Letn andx^ be as in Defnition \6.25\ and („ ann-th root of unity. T 2 2 (y,q) 
is meromorphic for y ^ and has poles at points yo, where y$ satisfies at least of the 
following two conditions: 

I- Vo = ( n x q 4t(n+1) , 

II. yl = _ g 4t(n + l)-n- 2> 

If Uo satisifies I or II exclusively, then it is a simple pole. When this is the case, the 
residues are as follows. For poles of type 1, the respective residue at such a yo for t = is 

I. (-l)^C +1+(n+1)/2 g- 4(n+1) (" 1 )^ (n2 - 4 ^ 3) ^,4n/(2nJi (n+1) ). 
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Given the residue at t = 0, one can use the functional equation of Lemma \6. 29\ to compute 
the residue for general t G Z. Poles of type II are removable. 

Proof. We prove the residue for poles of type I where ( n ^ 1. The proof where Q n = 1 is 
similar. Using Proposition 11.41 we obtain 

Jim (y - Md y, ,) = *° ■ «^ ■ (6 . 39 ) 

^^C™ Zn 9 J 4(n+1) J 4n(n+1) 

i(Cn; g 4( " +1) )j(<f +2 Cv4 g 4 (" +1 ))jV"C 2 *o 4 ; g 8(n+1) ) 



j{-q n+2 Qxlq^)) 

We rewrite the first line of (I6.39p . Substituting Xq = —q ii ( n + 1 )- n - 2 from Definition 16.251 
yields 

l-tj U 9 V27 ^2n,4n^4(n+l),8(n+l) ,„ .„s 

9rj ' rj( n2 - 3 )/ 2 7 3 t3 • l D - 4U ^ 

ZAi 9 J 4(n+l) J 4n(n+l) 

We rewrite the quotient in the second line of (I6.39[) . The first theta function can be left 
as is. Substituting for Xq, the second theta function can be written 

3(-q n+2 (nX 2 ,q^) = j(-( n q U{n+1) ;q i{n+1) ) = CY^ 1 ^ j(-(n, <? 4(n+1) ), 
by (11.2ap . The third theta function can be written 

itW; ? 8(n+1) ) = j(Q 2 q~ 8e{n+1)+4{n+1) ; q 8(n+1) ) 

= (-^^-^^^(^^(c-^^^^^XCV^ 1 ^ 8 ^ 1 ^ (by «) 
= (-i)'C 2 "r 8(n+1)( ' tl)+4 ' (n+1) i(Cy (ri+1) ; ? 8(n+1) )- (by CT ) 

The theta function in the denominator becomes 

i(-? n+2 C 2 ^;? 4(n+1) ) = j(C 2 ^ (n+1) ;g 4(n+1) ) = (-i)^C 2 ^' 4(n+1) ^)j(C 2 ;g 4(n+1) ), 

by (11.2a}) . Combining the four terms, the second line of (16.39!) can thus be written 

-8(n+l)f £ + 1 )+4l(n+l) JiSw 9 9 UHWZ_ J_g_ J 



Cg j(C 2 ;<? 4(n+1) ) 



/<u-i\ <?'(^ 2 - «8( rl + 1 )'| iY/-2„4(n+l). 8(n+l)\ Jj 

= C^- 8( " +1) (" ) + " ( " +1) j(Cl9 ,g 1 ■ (by «) 

_ A-^ /1 -8(n+l)( £ + 1 )+4<?(n+l) t t / r , 1 \ 

where the last equality follows from (11.2d|) and simplifying. Combining ( I6.40p and (I6.4ip 
produces the residue. 

We prove that poles of type II are removable. Because we are excluding poles of type I, 
it suffices to show that the numerator of T% 2 {yo, q) evaluates to zero. Here we have that 

x 2 = _ ^(n + l)-n-2 y 2 = _ g 4 t (n+l)-n-2 
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This implies that xqZ/o = ±g 2 (* + ^( n+1 )~ n_2 . Hence if t + t is odd, then a numerator term 
vanishes 

If t + £ is even, we have two cases to deal with. If XqI/q = g 2 (t+^)(n+i)-n-2 ( then in the 
nunxicr 3jtj or 

j(q n+2 x y ; g 4(n+1) ) = j(g 2(m)(n+1) ; s 4(n+1) ) = 0. 

If x y = _g 2 ('+ £ )( ri + 1 )- n - 2 ? then upon multiplying both sides by x and using the value of 
Xq, we have that yo = x Q ,2( ' <_ ^ n+1 ' ) ; however, this is a pole of type I, which is excluded. □ 

Lemma 6.31. Let n and xo be as in Definition \6.2(A and ( n be an n-th root of unity. We 
write xq = u;g«*(2n+3)-(n+3)/2 where £ e ^ g* ._ £_{( n _i)/2} with < {a} < 1 denoting 

the fraction part of a, and u 3 = 1. We can assume 1 because oj = 1 is a removable 
pole for Q n ,2(x,y,q) . T% 3 (y,q) is meromorphic for y ^ and has poles at points y , where 
yo satisfies at least one of the following two conditions: 

T t tr „3i(2n+3) 

II. yl = g 3i*(2n+3)-3(n + 3)/2 ^ ^ = (2n+3)-(n+3)/2 g £ | Q) 

where t G Z andt* :— t — {(n — 1)/2}. 7/?/o satisfies I or II exclusively, then it is a simple 
pole. When this is the case, the residues are as follows. For poles of type I, the residue 
at such a yo for t = is 

I. (_ ir+ i C i-^+i)/V^*(l - c)^- 2 ^^^ 1 )-!^--- 3 ) J 3n /(3nJ3 3 n(2n+3) ). 

Given the residue at t = 0, one can use the functional equation of Lemma \6. 29i to compute 
the residue for general t G Z. Poles of type II are removable. 

Proof of Lemma \6. 311 We prove the n even case because the equations are more compact. 
The proof for n odd is similar. The first part follows from Definition 16.261 When we 
compute the residue for the corresponding pole of R^ 3 (y,q), we must choose the same 
primitive third root of unity. 

We prove the residue for poles of type I for £ n ^ 1. The case where ( n = 1 is similar. 
Using Proposition 11.41 and simplifying with (jl.2ap yields 



hrn . (y - ( n x )Tl 3 (y, q) - 

y^ nX ° ' L J 3(2n+3) J 3n(2n+3) J 2n+3 

j(Cn, g3(2n + 3) )j(g 3n/2 + 3 3;0; g 2n+3) 

j( g 9n/2+9 C 3 x 3. g 3(2n+3)) 1 ' ' 

■{j(q 5n/2+6 (nxl q 5n/2+6 C4; ? 3(2n+3) ) - /W /2+3 Cn4 q n/2+3 C4; q 3(2n+3) )}. 
Substituting in for xo from Definition I6.26[ the first line of (I6.42p can be written 

f_1\V"/ 2 ,,_3(2n+3)(J)+€(2n+3)-3n/2-3 7 In n(3n+2)/4 t2 t3 t2 / fi 4 o\ 

I i ) Uq W -J 3n /6nq J 3(2n+3) J 3n(2n+3) J 2n+3- {0.^6) 
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We rewrite the quotient of theta functions in the second line of (16.421) . The first theta 
function in the numerator can be left as is. Substituting for x , the second theta function 
in the numerator is 

j(q 3n/2+3 x ; q 2n+3 ) = j(^ £(2n+3) ; q 2n+3 ) = (-l)V (2n+3) ® '^'(u;; q 2n+3 ) (by (Oa|l ) 
= (-1)^(1 -u)q-^ + ^J H2n+3) . 
Using (ll.2ap . the third theta function in the numerator becomes 

j(q 3n/2+3 CnX ;q 2n+3 ) = j'Kng £(2 " +3) ;g 2n+3 ) = (-lM^'^Ki a 2n+3 )- 

Again using (ll.2aj) . the theta function in the denominator can be rewritten 

j(q 9n/2+9 Cx 3 ;q 3{2n+3) ) = j(£q M{2n+3) ;q 3{2n+3) ) = (-l)'cV M(3 i(C; q ^+3)y 
Assembling the pieces, the second line of (I6.42p can thus be rewritten 

(-lYC0O- 2i (l - C0)q^ 3 ^) J 3 (2n + 3)j(Cn; ^IjK; V^) / J iti f^)- (6-44) 

We rewrite the expression in braces from (16.42)) . The first theta function of the first 
product is 

](q 5n/2+6 (nX 3 ;q 3{2n+3) ) = i(U 3 ' (2 " +3) " (2n+3) ; <? 3(2n+3) ) 

= (-i) £ g- 3 ( 2n+3 )(2)(c n g~( 2n+3 ))^j(Cng" (2n+3) ; g 3(2n+3) ) (by TO ) 

= (_ 1 ^+l^l-^-3(2n+3)(^) + (^~l)(2n+3)^^2(2n+3). g 3(2n+3)y 

The arguments for the next three theta functions are similar. We have 

j/ q 5n/2+6^2 x 3. q 3(2n+3)^ = /_ 1 ^+1^2-2£ ? -3(2n+3)(Q+(€-l)(2n+3)^/^2 ? 2(2n+3) . ? 3(2n+3)\ 
j(q n/2+3 ( n X 3 ; q 3( > 2n+ V) = (-l)^l C l-^-3(2n+3)(^)+2(^l)(2n+3) j(Cg 2n + 3. g 3(2n+3) ); 

q 3(2n+3)^ = ^_ 1 ^+1^2-2f ? -3(2n+3)(^)+2(^-l)(2n+3)^/^2 ? 2n+3. ? 3(2n+3))_ 

Noting that q n /(( n xl) = w £~ 1 g- 2 <'( 2n + 3 )+ 2 ( 2n + 3 ) ) the expression in the braces from (16.42)) 
becomes 



£3-3^-6(2n+3)Q+2(£-l)(2n+3) . j j(£ n(? 2 ( 2n + 3 ) , £ 2 g 2 ( 2 ™+ 3 ) . g 3(2n+3)^ 

-^CVCU 2 ^ 3 ,^ 3 ;^ 33 )}- 

We rewrite the above using Proposition 11.61 with the substitutions uj = u, q = q 
V = Cnq 2n+3 - Simplifying with (ll.2ap yields 

... ilf „2(2n+3) f „2n+3. „3(2n+3^ 

^2-3^, g -6(2n+3)(^)+2(<?-l)(2n+3)^_2^. g 2n+3) J\SnQ ■ ^n<l ■ <l 



2ra+3 

j 



■^3(2ra+3) 



(6.45) 
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Putting (EH, (EBD, and (E3SD together, we obtain 

f2-t+n/2 ,2-2^i , ,\ ri -(2n+3)(i 2 -U+3)-3n 2 /A 

km (y - y )T 3 (y, q) = — 

v-+va Sn 

■hn j(Cn, Cnq 2n+3 , Cn9 2(2w+3) ; g 3(2 " +3) ) J « ^( n , g 2 "+ 3 ) 

J2 j3 72 ' j(/-3. n 3(2n+3)\ 

J 3(2n+3) J 3n(2n+3) J 2n+3 J\.^m i l" ') 

Using properties fll.2dj) and Q1.2g|) , the second line of (I6.42p becomes J^2n+3)^2n+3- The 
result follows. 

We prove that poles of type II are removable. The s = case is straightforward. For 
s = 1,2, because we are excluding poles of type I, it suffices to show that the expression 
in braces in T 2 3 (y, q) in (16.371) evaluates to zero. We unwind the theta functions in the 
braced expression of (I6.37H with fll.2a|) and pull out a common factor. Substituting for 
xq, we see that we must show that the following vanishes 

j> V' (2n+3W2 , c^V (2n+3)+n+3 ; q 3{2n+3) ) (6.46) 

- U ;2 ?/ -l (? -£(2n+3)+5n/2+3^ w 2 ?/(? 2^(2n+3)-5n/2-3 ) 2^(20+3)-!. g 3(2n+3)\ 

Using Proposition 11.61 with the substitutions u> = u, q = q 2n+3 , y = ui 2 yq 2e ( 2n+3 )- 5n / 2 ~ 3 
yields 

A(. ,„,„2f(2n+3)-5n/2-3 „2n+3\ 

J\ U3 y ( l I . J '^2^2£(2n+3)-n/2 5 w 2^2<?(2n+3)-5n/2-3 . g 3(2n+3)) 

^3(2n+3) 

= yq 2£(2n+3)-5n/2-3^ UJ 2y q 2e(2n+3)-5n/2-3 ^ uy 2 q U(2n+3)-n g 3(2n+3)) 

+ j(co 2 yq 2e(2n+3) - n/2 , uy 2 q^ 2n+3) - 5n - G ; g 3 ( 2 ™+ 3 )) 

_ ^_^y+l u l-£y2-2£q-3(2n+3)( i 2 )-e 2 (2n+3)+7en+9e~5n-6 ^ 

j(u 2 yq 2e{2n+3) ~ n/2 , uy 2 q e(2n+3)+n+3 ; q 3{ - 2n+3 ^) 

- u; 2 y- 1 g- £ ( 2 ™+ 3 )+ 5 ™/2+3^ u; 2 ?/? 2^2n+3)-5n/2-3^ uy 2 q e(2n+3)-n. ? 3(2n+3)- 

where the last equality follows from (ll.2ap and simplifying. To show that (I6.46P evaluates 
to zero for y , we consider the extreme left-hand side of (16.471) . For s — 2, the first theta 
function in the numerator is 

j(u}yq 2E{2n+3) ~ 5n/2 ~ 3 ,q 2n+3 ) = j(g( 2 ^+*)( 2 ™+ 3 )- 2 ( 2 ™+ 3 ) ; q 2n + 3 ) = 0. 

For s = 1 we have subcases. When 2£ + 1 = 1 (mod 3), the second theta function in the 
numerator is 

j(u) 2 yq 2e{2n+3) ~ n/2 ; q 3{2n+3) ) = j(g( 2£ +*)( 2 «+ 3 )-( 2n + 3 ) ; g 3 ( 2 ™+ 3 )) = o. 
When 21 + 1 = 2 (mod 3), the third theta function in the numerator becomes 

j(w 2 ?/g^ (2n+3) ~ 5n/2 ~ 3 ;9 3(2n+3) ) = j(g(^+*)( 2ri+3 )- 2 ( 2ri+3 );g 3 ( 2rl+3 )) = 0. 
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When 2£ + t = (mod 3), then y = x g(* _ ^( 2n + 3 ) is pole of type I, which we have 
excluded. □ 



Lemma 6.32. Let n and Xq be as in Defintion 6.21 and ( n and n-th root of unity. We 
write Xq = ^g 2£ ( 2n + 4 )-( n + 4 ) where i G Z and i 2 = — 1. T 2 4 (y, q) is meromorphic for y ^ 
and has poles at points yo, where y^ satisfies at least one of the following two conditions: 

T r,, — t -r „ 4 *( 2n + 4 ) 

J- yo — (,n%oq , 

II. y 4 Q = _ g 4 *( 2 «+ 4 )~( 2 «+8) ( or y 2 = ±zg 2 t (2n + 4)-(n+4) ); 

where t 6 Z. If Vo satisfies I or II exclusively, then it is a simple pole. When this is the 
case, the residues are as follows. For poles of type I, the residue at such a yo for t = is 

—l_^>-^+l+(n+l)/2 

T 1 ^ n -2(2n+4)( f - 1 )-n 2 +n+3 //-, -w , • 2-^(2n+4) j 

4nJ 4n(2n+4) L 

Given the residue at t = 0, one can use the functional equation of Lemma \6. 291 to compute 
the residue for general t G Z. Poles of type II are removable. 

Proof. The first part follows from the Definition of 16.271 When we identify the corre- 
sponding pole of R^ A (y, q), we must have the same primitive fourth root of unity. 

We prove the residue for poles of type I where £ n ^ 1. The proof when = 1 is similar. 
Using Proposition 11.41 we have 

(_l)^i+(™+i)/ 2 x 4 g 4 ( 2 «+ 4 )(D-(« 2 +«- 3 ) J (C„;g 4 ( 2 " +4 )) 



lim (y - ( n x )T nA (y, q) 



^'• nXo 4nJ 4(2n+4) J 4n(2n+4)Jl ? Sn X 0) V V J 

J (g Sn+16^4. g 4(2n+4)) J -( g n+4^ a .2. g 2(2n+4)) j(_ g 2(2n+4)^ ; g 4(2n+4)) 

^2(2n+4) ^8(2n+4) 



+ 



q n+4 4j(-q 6n+16 C4; g 4(2n+4) )j(? 4n+8 Cn; g 4(2n+4) ) 2 j(-C; g 4 ( 2n+4 >) 2 



^4(2n+4) 



ySn x J 8n,Wn ' t2 



j(g 2 " +8 C^, q* i2n+4) )j(q 3n+8 (nx 2 , q 2 ^)j(-( n , q 4 ^) 



P 



g n+1 j(-q 2n+8 ( 2 n xh g 4(2 " +4) )j(9 4n+8 C 2 ; g 4(2n+4) ) J 8( 2n + 4) 

<^4(2n+4) 

qCnX 2 j(-q 6n+16 C 2 xt; g 4 ( 2 « +4 ))j(g 4(2n+4) C 2 ; g 8 ( 2 "+ 4 )) 2 



■{ 

^8(2n+4) 

Arguing as we did in the proof of Lemma [6.241 yields the result. 

We prove that poles of type II are removable. Because poles of type I are excluded, 
it suffices to show that the expression in brackets in Definition 16.271 evaluates to zero. 
Because of the functional equation satisfied by T 2 4 (y,q) in Proposition I6.29[ we only 
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need to consider poles of type II where t — 0, 1,2,3. We prove the case y$ = iq~( n+ ^; 
the other seven cases are similar so the proofs will be omitted. The term in brackets in 
Definition 16.271 can thus be written 

^ q en+W x 2 y 2. g 4(2n + 4) )j(g n+4 Xo2/o . q 2(2n+^^_ q 2(2n+A) y ^ XQ . g 4(2n+4)) 



J 



4n,16n ' 7-3 j 

J 2(2n+4) J 8(2n+4) 



+ 



j(-q 2n+s x 2 y 2 , s 4(2n+4) )jV (2n+4) y 74 <? 4(2n+4 V 4 2 { 2n + 4) 

q n+l x 2 j{ _ q ^ x 2 y 2. g 4(2n + 4) )j(g 4n + 8 2/o/xo . ^+^2^/^. g 4(2n + 4) )2 



^4(2ra+4) 

j(q 2n+8 x 2 y 2 , q^ n+ ^)j(q 3n+ ^oyo, q 2{2n+4) )j(-yo/x , q 4 ^) 



} 



16n ' T 2 



°2{2n+A) 



+ 



q n+1 j(-q 2n+8 x 2 y 2 ; q^ n+4) )j(q 4n+8 y 2 /x 2 ; g 4(2m+4) ) J 8 (2 Jt+ 4) 

(6.48) 



^4(2n+4) 

qxoyoj(-q 6n+W x 2 y 2 ; q^ 2n ^)j(q^ 2n+ % 2 /x 2 ; q^^)f 



Because y\ = ig _(n+4 ) and Xg = -ig 2 ^( 2n+4 )-( n+4 ) ) we have 

y /x = ±q-^ 2n+ '\ (6.49) 

* yo = ±V (2n+4Mn+4) , (6-50) 

where the sign in (16.491) determines the respective sign in (I6.50p . Inserting everything into 
(I6.48P produces 

r j(_g2(<?+l)(2n+4). q 4(2n+4)jj(± iq £(2n+4). ? 2(2n+4)^^ ? (2-£)(2n+4) . g 4(2n+4)-) 

<-^4n,16n * J 
L J 2(2n+4) J 8(2n+4) 

• {j(? 2 ' (2n+4) ; ? 4(2n+4) )j(g 2(1 - f)(2n+4) ; g 4(2n+4 V 4 2 ( 2„ + 4) 

q n+4 x 2j ( q 2(l+£) (2n+4). ? 4(2n+4)^_|_^(2-l)(2n+4) . ^4(2n+4)^2^-p^-£(2n+4) . ^4(2n+4)^2 

^4(2ra+4) 

_ ^_ g 2l(2n+4). g 4(2n+4)^V_y ? (£+l)(2T l +4). ? 2(2n+4)^Y Z p ? -£(2n+4). g 4(2n+4)) 

—qUo Jsn,l6n " p. 

^2(2n+4) 

g n+l j( ^(2n+4). g 4(2n+4) ) J (g 2(l^)(2n+4) . g 4(2n+4) ) j 



±1 • 



^4(2n+4) 

^(2n+4)-n-3j^2(l+£)(2n+4). ^4(2n+4)^j ^2(2-£)(2n+4) . ^8(2n+4)^2 



(6.51) 



^8(2n+4) 

where the sign choice follows from (I6.49p . We now have several subcases to consider 
depending on the parity of t and the sign choice in (I6.49p . Suppose £ is odd, then 
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expressions in the first and second set of braces are both zero, i.e. both products within 
each set of braces are zero. Suppose £ is even and we take the plus sign choice in f )6.49p . 
Here we must have that £ = 2 (mod 4), otherwise we would have a pole of type I which 
we have excluded. Indeed, we would have y = a; g 4 ( £ / 4 )( 2n + 4 ) . So we have that £ = 2 
(mod 4). Here both products within each set of braces are zero. Suppose £ is even and 
we take the minus sign choice in (I6.49p . If £ = (mod 4), then both products within the 
first set of braces is zero and the coefficient of the second set of braces is zero. If £ = 2 
(mod 4), then the coefficient of the first set of braces is zero and the both products within 
the second set of braces are zero. For the other seven cases, when an expression within 
braces evaluates to zero it is not always that both products are zero. One may have to 
argue as the proof of Lemma 16.241 and use (11.2fj) with m = 2 or use (11.4fej) to combine the 
two products into a single product which is easily seen to be zero. □ 



7. Proof of Corollary 10.51 
We prove flQ.6|) . which is equivalent to fs,5,i{<f, q 2 , q) = J^Jw- Specializing Theorem 10.41 

/5,5,i0, V, q) = j(x; q 5 )m(-q 4 x~ 1 y, g 4 , -1) + j(y; q)m(-q l0 xy~ 5 , q 20 , -1) 

1 4 T 3 i (a u+M ?/~ 4 - a 20 ) 

4J 4 ,i6 ^20,80 ^ 3{q w xy 5 ,g 4 + 4cf x 1 y;q 20 ) 

Substituting in for x, y yields 



h, 5 ,i(q 5 , q\ q) = + - 1 £ q 2d ^ 



4^4,16^20,80 d=Q 



]{(f+ M. q5)j{ _ q 19-A d . q 2 0) j3 oj{q e + A d . q 2 0) 

J 5 ,20j(q 1+M ;q 20 ) 



4,16^20,80 



<^6,5<^ 1,20 ^20 ^< 



20^6,20 



•^5,20 <A, 



+ + q 



12 JlAfiJ 11,20^20^14,20 



20 



5,20^9,20 



+ 9 



24^18,5^7,20<^20^18,20 40 <^22,5<^3,20<^20^22 



^5,20^13,20 



Ji 



20 



4J 4 ,16</20,80 ^5,20 



9 Vi i5 J f 



20 



6,20 



■^5,20^17,20 
Jl,20 ^9,20 
<A,20 "A 



9,20 



+ ^2.5^1 



2,5^2,20 



^7,20 ^3,20 



J- 



7,20 ^3,20 



where the last line follows from (11.2ajl . Applying (11 .4cf) to the expression in the first set 
of braces and (11.4dl) to the expression in the second set of braces yields 



/s,5,i(g ,q ,q) 



J: 



20 



■J 



10,40 ' 



2</4,16<^20,80 ^5,20 

■I ^20 t ^10 ^5 

' J] 



■^1,5^6,20 T ^2,5^2,20 T 

^8,40 + ~ • ^16,40 



-<A,20^9,20 
Jl, 10^6,10^6,20 



2^4,16^20,80 ^5,20 



10,40 • 72 



P T 2 

J 20 J 10 



Jl. 



<^7,20^3,20 



T <^2,10<^7,10<^2,20 T 
^8,40 H 7 ' ^16,40 



10 



J 



3,10 
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where the last line follows from ( 11.2dl) . Simplifying, 

J4J10 



2 Jo J l 



8^40 



<^6,10<^6,20^8,40 + ^2,10<^2,20<^16,40 



10 



9 72 7 t2 

^8^40 ^20 



J4J1O J40 "7|o 



•^6,10 -^6,20 -74,20 ^4,20 + <^2, 10>^2,20>^8,20^8,20 

7 4 



2t/gt/4Q 7 2 q 



10 



^6,10^4,20 + ^2,10^8,20 



27f 



7 Z 7 



6,10 t7 4,20 T -'2,10 t7 8,20 



72 7 

"9 11W 8 



where the second and third equalities follow from ( 1.2g ) and (11.2dl) respectively, and the 
last equality follows from simplifying. We recall the identities 7i j5 j(g 4 ; —q 5 ) = ^2,4^2,10 
and J2,5j{q 2 ] —q 5 ) = ^2,4^4,10 an d use them to obtain 

,. -, , , -Jli J2,io3(q s ;-q 10 ) , Jli J4,io3(q 4 ;-q 10 )- 
75,5,1(9 ,? ,g) 

</4 Ji.mJt 



A 

27f 



2,10^4,10 

•74,8 

•74 <72,10<74,10 



271 



<7i,8 74 5 j 
,10\ 1 7 -/„4. 10\ 



27i 



7, 



J4,ioj(q 8 ;-0 + J2,ioj(q^,-q 1 



T 78,20<7l8,20 t 74^0-714,20 
^4,10 7 r ^2,10 



J2J1O 



"76,2o72,20 + 72,2o7i 



6,20 



•7l0,40 7io,40 

where the third equality follows from (1 1 . 2e |) . and the last follows fll.2dj) and the identity 
7i,5 7 2j 5 = 7i7 5 . The result then follows from applying (ll.4dl) to the expression in brackets. 

8. Proofs of the corollaries to the four subtheorems 

The following proposition will facilitate the proofs of the corollaries. 

Proposition 8.1. Let £ e Z ; p G {1,2,3,4} and n e N with (n,p) = 1. For generic 
x,yeC* 

fn, n+P ,n{x, y, q) = 9n , n+Pin (x, y, q, q^y n jx\ q~ e V /y n )-(-xYq n ^Q n!P (q en x, q e ^y, q). 

Proof. Recall the summation convention of Proposition 15. 3[ Using Proposition 15.31 with 
k = 0, we have 

f n>n+p , n (x,y,q) = (-x) e q<) [g n , n+p , n (q ne x, q^ e y, q, q inp y n /x n , q-^x n /y n ) 

e-i 



m=0 



We focus on the g n ,n+p,n term and write it out to obtain 



r=0 



qP r y r 



2 X j(q pr+(n+p)£ y; q n )m( - g^P+^t^-jr+^P&n+p) {- x ) q n P (2n+ P ) ^ 1 V_ 



(-y) 



n+p ' 



x' 
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q £pr y r n\ m ( n(np+( p + 1 ))-rp(2n+p) ("?/)" np(2n+p) 1 



We unwind both theta functions with fll .2a[) and then replace r with r — I in the first sum 
to have 

1^1 fy 1 J^—jtqPr q n )m ( _ n(n P+ (^)W(2n +P ) (~^)" n P ( 2 „ +P ) 



- r=e (TV""* ' V (-y)» 

+ V -Jt^-j^x- q n )m( - ninp+Ct^-TP^n+p) {-V) n P (2n+ P ) 9 (g>2) 

/ / gpr x r y ( x) p ?/ n /J 



r=0 



The second sum in (I8.2p is exactly what we want. We rewrite the first sum in f l8.2j) using 

En+H ^-\n— 1 , Y^ n +^ — 1 

X 2 j(g pr t/; g n ) m( - g n ( n P+( p t 1 ))-n>(2n+p) l -3 ^ ? n P (2n+ P )^ 9 J(_ 



r=0 ^ y 



where we have replaced r with r + n, unwound the theta function with fll.2aj) . and then 
used (|2.2ep . The result follows. □ 

8.1. Proof of Corollary 10.71 Rewriting the respective Hecke-type sum formulas from 

[12], US: 



Ji,2<f>(q) = /wO/V,?), (8.3) 

^(g) = -g 2 / 2 ,3, 2 (g 4 ,g 4 ,g), (8.4) 

Ji,4X(g) = / 2 , 3 , 2 (-g 3 ,-g 3 ,g 2 ), (8.5) 

7 M (2 - X (q)) = qf2,z,2{~q~\ -q~\ q 2 )- (8.6) 
Specializing Theorem IU.6I to n = 2 and using Proposition 18.11 yields 

Corollary 8.2. Let I e Z. For generic x, y G C* 

W*.V.«) = E [^(^K^" 8 "'^) (8-7) 



r=0 



^ •/ r 2X 5 V 10 ^ 

+ — J(9 W — §—,9 ,^tt^ 

g r x r V x 6 q At y £ 

To prove ( fQgj) . we use (EZJ) with £ = 1 

0(g) = / 2>3 , 2 (g 2 ,g 2 ,g)M, 2 = -g^m^T 1 ,? 10 ,? 2 ) - <T 2 m(<r\g 10 ,g- 2 ) 

= -g" 1 ™^, g 10 , q- 2 ) - q- l m(q, q w , q 2 ) (by (J2^D) 

= —q m(q, g 10 , g) — q~ 1 m(q, g 10 , g 2 ). (by Cor [52 
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For fOijl . we use flEZD with £ = 2. To prove flOnT) . we use (E2D with £ = 1 

X(g) = / 2 , 3 , 2 (-g 3 ,-g 3 ,g 2 )/7i,4 

= m(-g 9 , g 20 , g 4 ) + g- 3 m(-g-\ g 20 , g 4 ) + m(-g 9 , g 20 , g" 4 ) + g- 3 m(-g-\ g 20 , g~ 4 ) 

= m(-g 9 , g 20 , g 4 ) + g- 3 m(-g-\ g 20 , g 4 ) + m(-g 9 , g 20 , g 16 ) + q- 3 m(-q-\ g 20 , g 16 ) 

= m(-g 2 , g 5 , g) + m(-g 2 , g 5 , g 4 ), 

where the the last two equalities follow from ( 12 .2 aft and Corollary 12.71 respectively. For 
f )4.46p . we use (18. 7p with £ = 2 and argue as above and use f)2.2cp as well as f)2.2bj) 



8.2. Proof of Corollary 10.81 We rewrite the respective Hecke-type sums from 

^o(g) = / 3 ,4, 3 (g 2 ,g 2 ,g), (8.8) 
J 1 J- 1 (g) = g/ 3 ,4, 3 (g 4 ,g 4 ,g), (8.9) 
^ 2 (g) = / 3 ,4,3(g 3 ,g 3 ,g). (8.10) 

Specializing Theorem 10.61 to n = 3 and using Proposition 18.11 yields 
Corollary 8.3. Let IsZ, For generic x, y G C* 

2 r 12— 7r 3 3(1 

f( s r x v r 3n (t x 21 qy\ , al1 x 

/3,4,3(l,l>,g)=2,l^yj(^ig) m i y 4 »g '^rj ( 8 - U ) 

+ ^rri(^;g 3 )^ — 4 — ^ 21 ,^7r^j • 

To prove (14321) . we use f lSTTTl) with £ = 3 

-^o(g) = /3,4,3(g 2 ,g 2 ,g)/^/i 

= m(g 10 , g 21 , g 9 ) - g _5 m(g" 4 , g 21 , g 9 ) + m(g 10 , g 21 , g~ 9 ) - g" 5 m(g" 4 , g 21 , g -9 ) 

= m(g 10 , g 21 , g 9 ) - g _1 m(g 4 , g 21 , g~ 9 ) + m(g 10 , g 21 , g~ 9 ) - g _1 m(g 4 , g 21 , g 9 ), 

where the last line follows from (l2~2bl) . For (1433]) (resp. (TOD ) we use (ETTTll with £ = 1 
(resp. £ = 2). 

8.3. Proof of Corollary 10.121 We rewrite the respective Hecke-type sum formulations 
from [3]: 

JMq) = hiM\ <? 2 , q) + <f'h;-.-M- q\ q) = h.-;M' ^ -q 5/8 , -<? 1/4 ), (8.12) 
JxfM = / 3 ,7, 3 (g 3 ,g 3 ,g) + g 4 / 3 ,7, 3 (g 8 ,g 8 ,g) = / 3 ,7, 3 (g 9/8 , -g 9/8 , -<? 1/4 ), (8.13) 
J2FM = h, 7 M\ 9 6 , q 2 ) - q 7 hrAq u , <z 16 , q 2 ) 

= |Re{/ 3 ,7, 3 (g 7/16 , g 15/16 , *g 1/8 ) + /3,7, 3 (-g 7/16 , -g 15/16 , -*g 1/8 ) + 2 J 2 }, (8.14) 
J*F x (q) = / 3 ,7, 3 (g 6 , g 8 , g 2 ) - g 9 / 3 ,7, 3 (g 16 , g 18 , g 2 ) 

= iRe{/ 3 ,7,3(g 15/16 , g 23/16 , ^q 1/8 ) + /3, 7 , 3 (-? 15/16 , -g 23/16 , -*g 1/8 )}, (8.15) 
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where we also used Propositions 15. 1[ 15.21 and Corollary 15.41 Specializing Theorem 10.111 
to n = 3 gives 

Corollary 8.4. For generic x, y G C* 

fs,7,3(x,y, q ) = £ [^j( q 4r y;q 3 )m(- q ^x 3 /y 7 , q ™,y 3 /x 3 ) 



r=0 



-<r y 

+ 4r~M T ^ q 3 )m(-q m - 40r yVx 7 , g 120 , x 3 /y 3 )] - 8 M (*, V, (?), 
g 4r x r J 



where 



©3,4(a;,i/,g) : 



9 9 y 2 j(y/x;q 



10 \ 



10 



with 



S 1 : 



j(q 34 x 2 y 2 ; q 40 )j(q 7 xy; q 20 )j(-q 20 y/x; q 40 ) 



^20^80 

•/ 14 2 2 20 2 / 2 40 \ t2 , 

j(-5 x y ,q y /x ;q h 40 + 



q 7 x 2 j(—q 34 x 2 y 2 ; q 40 )j(q 20 y/x, —y/x; q 40 ) 2 



J40 



s 2 



j(q 14 x 2 y 2 ; q 40 )j(q 17 xy; q 20 )j(-y/x; q m ) 
T 2 



q 4 j(—q 14 x 2 y 2 ; q 40 )j(q 20 y 2 /x 2 ; q 40 ) J 80 _^ qxj(—q 34 x 2 y 2 ; q 40 )j(q 40 y 2 /x 2 ; q S0 ) 2 



yJm Jso 
For ( 14. lip , we use (I8.12p to first obtain the g3j^(x,y,q,y 3 /x 3 ,x 3 /y 3 ) expression 

y:,;,iq' \ -g 5/8 , -g 1/4 , -l, -l) = [j(V /8 ; -? 3/4 ) + i(? 5/8 ; -? 3/4 )l ™(? 14 , g 30 , -l) 



-1 



j(-g 13/8 ; -? 3/4 ) + j(q 13/8 ; -q^)\m(q 4 ,q 30 , -1) 
j(-? 2V8 ; -q 3/4 )+j(q 21/8 ; -q 3/4 )}m(q- e ,q 3 \ -1) 



= 2J 1 m(q 1 \ ? , -1) + 2q- 2 Jim(q\ <T, -1), 

where the last line follows by applying (ll.2fj) with m = 2 to each theta function within 
brackets. Upon substitution of the values of x,y,q from (I8.12p into &3,4,(x,y,q), three of 
the four theta quotients vanish 



e 3 , 4 (g 5/8 ,-g 5/8 ,-g 1/4 ) 



-q Jo,wJ3,12j(q U ; I 10 ) ^3,5^5,10^10 <? 2 Al0^3,12</5^1 



■^0,30^6,10^5^20 



^0,30-^8,20 
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where the last equality follows from J\ J 5 = Ji i5 J 2j 5 and simplifying. Hence, 

f ( \ o ( 14 30 i\ , o -2 / 4 30 i\ <?~ 2 ^0,10^3,12^5 

f {q) = 2m{q ,q , -1) + 2q m{q ,q ,-1) = 

0,30^8,20 

,14 „30 4\ | q -2/,, 4 30 „4\ 



2m(g i4 , g 3U , g 4 ) + 2g~ 2 m(g 4 , g 3U , g 4 

'0,10^3, 12^5 



+ 2 ^30^4,30 



7 r 7 ' n «A).10«/3.12«^R 



^18,30 ? ^8,30 



30^4, 30 '-</l4..'?0</l8.. c i0 Jd.R()Jt 



14,30^18,30 4,30^8,30 



? -^0,30^8,20 



(by Thm 



o / 14 30 4\ , o -2 I 4 30 4\ , 2J 630 J^ Jo,10<^3,12</5 

2m(g , g , g) + 2g m(q , g , g ) + — — ' 



? 2 ^0,30^2,10 9 2 ^0,30^8,20 

where the last line follows from Proposition II. II with q = g 30 , a = — q , b = g 3 , c = q 5 ,d = 
q 7 and identity ( 11.2dl) . It remains to show 

2g 2 ^6,30 ^10 _ g 2 - 7 Q,10'- / 3,12'- 7 5 _ ^5,10^2,5 
^0,30^2,10 ^0,30<^8,20 "A 

which is equivalent to 

<^5,20<^6,30 — g 2 ^l, 5^30,120 = ^2,20^3,12- (8-17) 

Using Ji^Ji^o — J2, 5^4,20; (18.171) is then equivalent to (11.91) with the x — 1. For (I4.16p . 
we argue as above, using Proposition 11.11 with g = g 30 , a = — g 7 , b = q,c = q 5 ,d = g 9 , to 
reduce the problem to 

2J 2 g 3 Ji2,30 ^0,10^3,12^5 Q 3 . ^5,10 t /oio\ 
7 j = 7 ~j— + —j- ■ Ji,5, (»•!») 

^0,30 J 4,10 ^0,30 J 4,20 ^1 

which is equivalent to 

•^5,20^12,30 — <? 3 <^2,5 <^30,120 = ^6,20^3,12- (8.19) 

Using the fact that Ji,4 J340 — ^1,5^8,20, 1 18. 19ft is then equivalent to fl 1.9ft with the x = g 6 . 
For (I4.14p and (14. 19ft we argue as above but use (11.101) . 
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